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This paper gives conditions for the rightmost particle in the nth 
generation of a multitype branching random walk to have a speed, 
in the sense that its location divided by n converges to a constant as 
n goes to infinity. Furthermore a formula for the speed is obtained 
in terms of the reproduction laws. The case where the collection of 
types is irreducible was treated long ago. In addition, the asymptotic 
behaviour of the number in the nth generation to the right of na is 
obtained. The initial motive for considering the reducible case was re- 
sults for a deterministic sp atial population model w ith several types 
of individual discussed by IWeinberger et all [2007j : the speed iden- 
tified here for the branching random walk corresponds to an upper 
bound for the speed identified there for the deterministic model. 

1. Introduction. The process starts with a single particle located at 
the origin. This particle produces daughter particles, which are scattered 
in R, to give the first generation. These first generation particles produce 
their own daughter particles to give the second generation, and so on. As 
usual in branching processes, the nth generation particles reproduce inde- 
pendently of each other. Particles have types drawn from a finite set, S, and 
the distribution of a particle's family depends on its type. More precisely, 
reproduction is defined by a point process (with an intensity measure that is 
finite on bounded sets) on5xE with a distribution depending on the type 
of the parent. The first component of the point process determines the dis- 
tribution of that child's reproduction point process, its type, and the second 
component gives the child's birth position relative to the parent's. Multiple 
points are allowed, so that in a family there may be several children of the 
same type born in the same place. 

Let Z be the generic reproduction point process, with points {(<7j,Zj)}, 
and Z a the point process (on R) of those of type a. Let ~P U and Ej, be 
the probability and expectation associated with reproduction from a parent 
with type v £ S. Thus, E„Z CT is the intensity measure of the positions 
of children of type a born to a parent of type v at the origin. The usual 
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Markov-chain classification ideas can be used to classify the types: the type- 
space is divided, using the relationship 'can have a descendant of this type', 
into self-communicating classes, each of which corresponds to an irreducible 
multitype branching process. Two types are in the same class exactly when 
each can have a descendant, in some generation, of the other type. A class 
will be said to precede another if the first can have descendants in the second, 
and then the second will be said to stem from the first. 

Let Z( n ) be the nth generation point process. Let Z& be the points of 
^( n ) with type a. Later, exponential moment conditions on the intensity 
measure of Z will be imposed that ensure these are well-defined point pro- 
cesses (because the expected numbers in bounded sets are finite). Let 
be the information on all families with the parent in a generation up to and 
including n — 1. Hence is known when J 7 ^) is known. Let m{—9) be 
the non- negative matrix of the Laplace transforms of the intensity measures 



Wj u Z a 



(m(e)\ 



e 9z E u Z a {dz) = ~E U 



Jz 



Z a (dz) 



Then it is well known, and verified by induction, that the powers of the 



matrix m provide the transforms of the intensity measures E^Z, 



(«). 



(1.1) 



e ez E v Z^ n \dz) = {m{e) n ) l 



(n) 

Let B a be the rightmost particle of type a in the nth generation, so that 
B^ = sup{z : z a point of Z^} 

and let B^ be the rightmost of these. 

When the collection of types is irreducible, so that any type can occur in 
the line of descent of any type, and there is a <p > such that 



(1.2) 



sup(m(^)) < oo, 



there is a constant V such that 



(1.3) 



B 



(n) 



n 



r a.s.-P„ 



when the pr ocess su r yives. W hen this holds the speed, starting in u, is T. This 
result is in iBigginsI 1976al : Theorem 4] and, in a mor e general framework 
where time is not assumed discrete, in IBigginsI 19971 : §4.1]. Furthermore, 



with the obvious adjustment for periodicity, the same result holds with B, 



(n) 
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in place of B — when the type set is aperiodic this is in Biggin ] [l976bl : 



Corollary V.4.1]. The theory for the irreducible process also provides various 
formulae for T in terms of the reproduction process. The question addressed 
here is what happens when the set of types is reducible. 

Write the transpose of m in th e canonical form of a non-negative matrix, 



described in ISenetal ll973L Il981 



j 1.2]. This amounts to ordering the rows, 
and the labels on the classes, so that when one class stems from another it 
is also later in the ordering. Then there are irreducible blocks, one for each 
class, down the diagonal and all other non-zero entries in m are above this 
diagonal structure. Having done this, call the first class, Ci, the second C2 
up to the final one Ck- Intermediate classes need not be totally ordered by 
'descends from', so their ordering need not be unique. 

Any irreducible matrix has a 'Perron-Frobenius' eigenvalue (which is pos- 
itive, is largest in modulus and h as corre s pond i ng lef t and right eigenvectors 



that are strictly positive') — see ISeneta 



CiV 

menetsky [19851 ] . For 9 > 0, let exp(/«j(#)) be the 'Perron-Frobenius' eigen- 
value of the ith irreducible block, which is infinite when any entry is infinite. 
Let Ki(9) = 00 for 9 < — this is just a device to simplify the formulation, 
since the development concerns only the right tails of the measures — left 
tails and the consideration of the left-most particle is just the mirror image. 
Call Ki the PF + eigenvalue of the corresponding matrix, which with these 
definitions is not necessarily its 'Perron-Frobenius' eigenvalue for strictly 
negative arguments. As Laplace transforms, the logarithm of the non-zero 
entries in m are convex. Then m is convex — see Lemma 14.31 below. 

Let T)(f) be the set where the function / is not +00, so that T>(f) = {9 : 
f{9) < 00}. Thus in the irreducible case (|1.2|) is equivalent to T>(n)n(0, 00) ^ 
0. Furthermore, since each m is convex, T>(fti) must be an interval in [0, 00). 
For any two classes Ci and Cj let 

£>i,j = P| {T>(m vv ) : v £C i7 v G Cj,m uv > 0} , 

which is the set where all of the entries in m linking Cj to Cj are finite. For 
any set of reals A let A + be all values either in A or greater than those in 
A. Thus, V + (f) has the form 00) or (<p,oo), depending on whether f(ip) 
is finite or not. 

Without loss of generality, assume that the initial type v is in the first 
class, Ci, and that the speed is sought for a type a in the final class, Ck- 
Write i — > j if some v G Cj can have a child (i.e. an immediate descendant) 
with a type in Cj and write i j when i precedes j so that types in class 
Cj can have descendants in some later generation with types in class Cj. 
Assume also, again without loss, that every other class stems from the first 
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and precedes the last. It is now possible to give a result that illustrates 
the nature of the result on speed without the weight of additional notation 
needed for its proof or for the results which establish rather more. 

Theorem 1.1. Let v G C±, a £ Ck- Suppose that the process made up of 
individuals in C\ alone is supercritical and aperiodic (i.e. the mean matrix 
is primitive and has 'Perron-Frobenius' eigenvalue greater than one) and 
survives with probability one. Assume that 

(1.4) there are 4>i S T>{ki) with < <\>\ < 4>2 < ■ ■ ■ < 4>k 

(1.5) and 2? + (Kj) n T>{Kj) C T>ij whenever i — > j. 



1 -max mi max < , — > a.s.-¥ v 



Then 



n i=>j 0<(p<6 i <p 

The conditions (|1.4|) and (|1.5|) both hold when the domain of finiteness of 
every non-zero entry in the matrix m has the same non-empty intersection 
with [0, oo). 

This result, other than the actual form of the limit, will be derived as a by- 
product of a result on the size of Zj, n) [na, oo) described later, in Theorem 
12.41 That approa ch to deriving the speed was used for the one - type p rocess 



Biggins! [19771 ] and for the irreducible process in iBiggin 1 |l997l : §4.1]. 



m 

The comparatively simple formula for the limit here is one of the main 
achievements of this study. One interpretation of this formula for the speed 
is the following: look at each pair of classes where one precedes the other, 
compute the speed as though these were the only classes present, and then 
maximise over all such pairs. 

It is probably worth being explicit about some of the assumptions that 
are not made in Theorem 1 1 . 1 1 and the other main theorems. First, the point 
processes Z are not constrained to have only a finite number of points. The 
conditions do mean that there are only a finite number of points in any 
finite interval, but they do not prevent intervals of the form (—00, a] from 
having an infinite number of points. Second, classes after the first one do 
not have to be supercritical. Third, classes after the first one do not have to 
be primitive. Finally, it is not assumed that the dispersal in a class is 'non- 
degenerate', so Ki could be linear in 9 when finite, which for a one- type class 
corresponds to a deterministic displacement of the family from the parent. 

An initially unexpected phenomenon is contained within Theorem I l.li Its 
essence can be indicated even in the reducible two-type case. Suppose type 
a can give rise to both type a and type b particles but type b give rise only 
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to type 6. Type a or 6 considered alone forms a one-type branching random 
walk with speed T a or Fj,, respectively. At first sight, it seems plausible that, 
when T a > ]?&, both types spread at speed T a , driven by the type a parti- 
cles, and that otherwise, when T a < Tf,, the two types move at their own 
speeds. This plausible conjecture can be false, it is possible to find exam- 
ples where, in the presence of type a, the type b speed can be faster than 
max{r a ,r5}, The fundamental reason for this 'super-speed' phenomenon is 
that the speed of spread is caused by the interplay between the exponential 
growth of the population size and the exponential decay of the tail of the 
dispersal distribution. It is possible for the growth in numbers of type a, 
through the numbers of type b they produce, to increase the speed of type 
b from that of a population without type a. When the type a dispersal dis- 
tribution has comparatively light tails that speed can exceed also that of 
type a. In this cartoon version, to get 'super-speed' we need the population 
of as to grow quickly but the bs to have more chance of dispersing a long 
way. This also indicates a complication. There are two possible sources for 
a comparatively heavy-tailed distribution of the 6s. It could be that the as, 
in producing children of type b, disperse them widely, or it could be that 
type 6s in producing 6s produce more spread than type as producing as. Ei- 
ther effect can influence the speed of the 6s. In Theorem II .1\ (|1.4p concerns 
the growth and dispersion within each irreducible class while (|1.5f) controls 
the dispersion involved in moving between classes. The interpretation given 
above of the formula for the speed shows that, normally, the two-type illus- 
tration of super-speed is archetypal — there is no possibility of additional 
'cooperation' from three or more classes that cannot be exhibited with just 
two. 



The stimulus for considering this problem was IWeinberger et al.l 2007 ] 



where a deterministic version is discussed and the phenomenon of 'super- 
speed', which they call 'anomalous spreading speed', is identified — although 
there the actual speed is not identified. They also explore the relevance of the 
phenomenon in a biological example. There are close relations between these 
deterministic models — and also certain continuous-time ones which involve 
coupled reaction-diffusion equations — and the branching models examined 
here. A discussion of this connection, which is more than an analogy, and 
further illustration of the 'super-speed' phenomenon based on appl ying the 
result s here in the two- type case can be found in the second half of [Biggins 
" 201Cj . 



It turns out that the results for the general case rest on those for a more 
restricted class of processes. A multitype branching process will be called 
sequential when each class has children only in its own class and the next 
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one and there is exactly one pair of types linking successive classes. Thus 
there is just one route through the classes C±, . . . ,Ck, corresponding to the 
order of the indices. Also, for i = 1, . . . , K — 1, there is exactly one type in 
Ci that can produce offspring in Cj+i, and just one type of offspring in C; L+ \ 
that it can produce. The next section describes most of the main results, 
which concern sequential processes. The shape of the remainder of the paper 
will be indicated in course of that section and the subsequent one. 

2. Results for the sequential case. Throughout this section, the 
process will be assumed sequential. In the following one the main results 
for the general process are given. Several transformations of functions will 
be needed to describe the results. The first is a version of the Fenchel dual 
(F-dual) of the function /, given by the convex function 

(2.1) f (x) = sup{0x-/(0)}. 

e 

The second is sweeping strictly positive values to infinity: let 

f°(a) = { f( a ) When ~ ° 
^ } \ oo when f(a) > 

Also, for any function / let 

(2.2) T(/) = inf{a : /(a) > 0}. 

Then T(f) = T(f°). It will also be convenient to have a notation for taking 
the F-dual and then sweeping positive values to infinity, so let 

(2.3) r = (/?■ 

Various properties of such functions are described in $H In particular, /* is 
continuous when finite. The next two results, which are for the case with 
only one class, demonstrate why these functio ns will be usefu l. Both results 
are given, with an indication of their proofs, in Bigginsl 1997 : §4.1], and will 



be discussed further in where various results for the irreducible case that 
are necessary preliminaries for the main proofs are obtained. 

Proposition 2.1. Suppose that there is just one class of types, that the 
exponential moment condition holds and that the matrix m is primitive 

with PF^ eigenvalue k. Let U be the upper end-point of the interval on which 
k* is finite. Then, for a ^ U , 

(2.4) lim-log (-R v zW[na,oo)\ = -«*(o). 

n n V / 
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Proposition 2.2. Under the conditions of Proposition lKl\ and the addi- 
tional assumption that the process is supercritical (i.e. k(0) > 0) and survives 
with probability one, 

(2.5) lim - log (zf\na, oo)) = -k° (a) (=( K *)°(a)) a.s.-P„ 

n n V / 

for a 7^ T(k*) and 

»(") 

-1 > F(k*) = T(k*) a.s.-F„. 

n 

In this case, there is a simple relationship between the behaviour of 
Z^[na, oo) and its expectation. When the expectation decays (geometri- 
cally) in (|2.4p the actual numbers, described by (|2.5|) . are ultimately zero, 
leading to the limit there being infinite (which explains the sweeping to 
infinity). On the other hand, when expected numbers grow the actual num- 
bers grow in the same way. Thus the 'expectation-speed' and the 'almost- 
sure-speed' are the same (and are both T(k*)). In the reducible process this 
need not be so — the 'expectation-speed' can overestimate the 'almost-sure- 
speed'. The discussion here will concentrate on the 'almost-sure-speed', but 
expected numbers, which are easier to study, will be considered briefly in 
£ fT2~l mainly to illustrate the point just made. 

The result on the speed in Proposition 12 . 21 is a consequence of the asymp- 
totic behaviour of nth generation numbers in intervals of the form (— oo, na\. 
The same basic approach is used to study reducible sequential processes. 
There are two parts to this: showing that a suitable function forms a lower 
bound and then showing that it also forms an upper bound. As might be an- 
ticipated from the role of the moment condition (|1.2p in the irreducible case, 
conditions on the finiteness of the entries in m are needed. For the simplest 
lower bound these conditions will only concern the entries in the irreducible 
blocks of m, as in (ll.4p . But for the upper bound the 'off-diagonal' entries 
have to be controlled too, leading to conditions like (jl.5p . The basic idea for 
obtaining both bounds is to use induction on the number of classes, with 
the formula for the bounds being given by suitable recursions. 

Certain properties of the limit k® in (|2.5[) , which is a rate function in the 
large deviations' sense, are sufficiently important here to merit a name. 

Definition 1. A function will be called an r- function if it is increasing 
and convex, takes a value in (— oo,0) ; is continuous from the left and is 
infinite when strictly positive. 
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Whenever r is an r-function T(r) > — oo. Lemma 15.61 shows that k® is an 
r-function. 

The next theorem, which is proved in gives a lower bound on the 
numbers, and hence on the speed. A notation for the convex minorant is 
needed. For any two functions / and g, let £{f, g] be the greatest lower 
semi-continuous convex function beneath both of them. (The restriction to 
lower semi-continuous functions only affects values at the end-points of the 
set on which a convex function is finite.) 

Theorem 2.3. Consider a sequential process with K classes, Ci, . . . ,Ck, 
with corresponding PF^ eigenvalues Ki, . . . , kk and in which C\, considered 
alone, is primitive, supercritical and survives with probability one. Assume 
that (jl.4[) holds. Define r, recursively: 

(2.6) ri = K° 1 (=(4)°); n = Cfrj-i, for i = 2,...,K. 
Then for v £ C\, a £ Ck and a / r(r^) 

(2.7) liminf - log (z^ l) [710,00)) > -r K (a) a.s.-P u , 

n V / 

(2.8) liminf — - — > Tirx) a.s.-P„ 



n 



and rx is an r-function. 



The first complement to this lower bound is presented next. Once addi- 
tional ideas have been introduced, Theorem 12.61 will give the same conclu- 
sions under weaker conditions. 

Theorem 2.4. In the set-up and conditions of Theorem \2.3l suppose 
also that, for z = 1,2,..., K— 1, 

(2.9) f p P+(kj) j n C V hl+1 . 

Then 

(Nu) i log (Z^ [no, 00)) -> -r K (a) a.s.-¥ u , 

for a 7^ T(rx), and 

(Sp) -2- -> T(r K ) a. S .-P„. 

n 
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The condition (jl.4p ensures that the set on the left in (|2.9p contains <f>i, 
and so is not empty. Note that (jl.4p and (|2.9p just involve comparing the 
domains of finiteness of the entries in m. Hence these conditions are easily 
applied in the general (non-sequential) case. Note too that (jl.5p in Theorem 
11.11 is a stronger assumption than (12. 9p in this theorem. 

To describe the remaining results in this section, one further transforma- 
tion is needed. As can be seen from Proposition 12.21 the critical function 
when looking at actual numbers in the first class is k® (rather than k*). 
Typically, there will be a i? S (0, oo) such that for a < T(k*) 

K*(a) = sup{#a — k(6)} = sup{#a — k(9)}. 

e e<-a 

Then, with k(9) = k(9) for 9 < ■& and k(9) = 9F(k*) for 9 > it turns out 
that k® is the F-dual of k, i.e. k® = («)*. Thus, in examining how actual 
numbers in the first class influence numbers in the second, k should replace 
k. This means that the shape of k only matters up to a certain point, after 
which it is replaced by a suitable linear function. The details of k beyond 
this point have become irrelevant because they only influence k* at positive 
values, which are swept to infinity. 

Although this motivation is on the right lines, it turns out that the ac- 
tual definition of the transformation is better framed somewhat differently 
in order to cover all cases. It will also be useful to have a name for the 
class of functions the transformation will apply to. Under the conditions of 
Proposition 12.11 k satisfies the next definition. 

Definition 2. A function is k-convex if it is convex, finite for some 
9 > and infinite for all 9 < 0. 

The pointwise supremum of a collection of convex functions is convex, 
and that of a collection of monotone functions is monotone. Hence, for k- 
convex /, it makes sense to define to be the maximal convex function 
such that y> < / and f\9)/9 is monotone decreasing in 9 G (0, oo). This 
function will be identically minus infinity is there are no functions satisfying 
the constraints. Now let 

(2.10) 0(/) = sup{0:/(0) = /*(0)}, 

where it is possible that •& (/) = oo. Proposition 17.11 will show that, in the 
typical case, k\9) is just the straight line 9T(k*) for 9 > $(k), and that 
line is the tangent to k at which connects this definition with the 

motivation offered in the previous paragraph. 
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An alternative recursion for the r-functions denned by (12.6P in Theorem 
I2,3l turns out to be more useful when considering upper bounds. This alterna- 
tive recursion is given in the next result. Let 9Jt[/, g] (9) = max{f(9),g(9)}. 

Proposition 2.5. Assume that (ll.4p holds. Define fi recursively: 

(2.11) /i = «i; fi = m[fl vKi ]fori = 2,...,K. 
Then (/ft* =f* = M[fl 1 ,K i ]* = r i . 

This is proved in along with a variety of convexity results that contribute 
to deriving formulae for the speed. The issues surrounding convexity are 
more complicated than might be expected on the basis of the known results 
for the irreducible case. For example, it is easy to construct (reducible) two- 
type examples where fi and r<i have properties that cannot arise in the 
one-type (or irreducible) case. In particular, there are examples where f% 
is linear (only) on a finite or a semi-infinite interval and where r2 is linear 
(only) on a finite interval. 

The notation has now been established to state a result giving ([Nil and 
hence QSp[ ) in Theorem 12.41 under weaker conditions. The aim was to make 
these conditions are as general as is practicable, but that does mean they 
are also quite complex. In Theorem 12. 10( QSp| ) will be established under yet 
weaker conditions. Let ip . = inf Pj^+i and ip i = supX^j+i. 

Theorem 2.6. In the set-up and conditions of Theorem \2.5H suppose 
that f|1.4[) holds and that for i = 1, 2, . . . , K — 1, 

(2.12) there are G X>j,j + i with < 4>i < 4>i,i+l < 4>i+i- 
Let fi be as defined at ()2.11j) . Suppose that, for i = 1, 2, . . . , K—\, 

(2.13) either K i+l {9) > 9{f}$ l )/^ i ) for 9 G ffo, oo) or (fi) < ^ 
and 

(2.14) P| V+( Kj ) n Z>(Ki+i) C [± v oo). 

T/ien pujl and ([Sp]) /ioW. 

Complementing the lower bound in Theorem 12.31 is a two stage process, 
involving first deriving an upper bound and then giving conditions for it to 
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equal the lower bound. The first stage is covered by the next result — its 
proof is in £JH1 Let 1(A) be the indicator function of A and let 

Xi = ~ log I(T>i- X ,i) for % = 2, . . . , K, 

so that Xi is zer ° ° n an d infinity otherwise. 

Theorem 2.7. Make the same assumptions as in Theorem II?, 31 Define 
gi recursively: 

(2.15) gi = K X \ g i = SJl[(g^ 1 +Xit,Ki}fori = 2,...,K. 
Then 

(2.16) limsup - log (z^[na, ooj) < -gUa) a.s.-¥ u 

n n \ / 

and 

»(«) 

(2.17) limsup-^- < T( 5 t) o.s.-P„. 

n n 

Furthermore, —g® K {a) < oo for all a if (|1.4|) ZioWs and (|2.12|) ZioWs /or 
j = 1,2,...,K-1. 

A key point from Proposition 12.51 for the formulation of the rest of the 
results in this section, is that = fx = r K- Using this, and compar- 

ing ()2.7p and ()2.8|) with (|2,16p and (|2.17p immediately gives the following 
corollary. 

Corollary 2.8. Make the same assumptions as in Theorem \2.3[ Then 
(ESP holds if g* K = f K and holds ifT(f* K ) = T(g* K ). 

Thus, in the light of this corollary, proving Theorems 12.41 and 12.61 will entail 
showing that the conditions imposed imply that g ® K = f^. This is done in 

It is possible that r(p^) = T(f^) even though g 9 K and f% do not agree 
everywhere. Then the speed would be given through ( |SpP of Theorem I2.4| 
even though the behaviour of the numbers was not described by (|Nu|) . To 
investigate this possibility alternative formulae for g® K and for f^ and their 
associated speeds are important. Those formulae are given next. The formula 
for T(fx) is critical in establishing the simpler one given in Theorem 11.11 
Also, the formula for T(fV) is the same one that is obtained as the upper 
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bound on the speed in a deterministic model by IWeinberger et al.1 [20071 : 
Proposition 4.1], so their bound can be simplified too. 

The conventions that X>o,i = (0, oo) and ij) K = oo are now adopted. It is 
worth noting that in (|2.18p 9 k is fixed, but in (|2.19p it is one of the free 
variables in the optimization. 

Theorem 2.9. For a sequential process as described in Theorem \2.3[ let 
gx be given by (|2. 15|) . Then, for < 9 k G ^k-x k> 
(2.18) 

= inf / mfC JMpj . 9l < e 2 < . . . < 9 K , 9 t G vt_ M , * < ft 

and gK (9k) = oo /or < 9k £ T^k-i k- Furthermore, 
(2.19) 



T(g K ) = inf jmax <-^> ■ 9 1 < 9 2 < . . . < 9 K , 9 t G ^ < V, 

-ke^ 6e given by (|2,lip . These formulae hold with fK in place of gK on 
replacing T>i^ + i by (0,oo) (and tp^ by oo) for i = 1, 2, if— 1. 

Now, asking when the formulae for r(^) and T(f K ) give the same result 
- that is when the extra restrictions in the optimization associated with 
the formula for T(g* K ) make no difference — leads to the following theorem. 
Both it and the previous theorem are proved in Cl0l where a little more is 
also said about formulae for T(f K ). 

Theorem 2.10. In the set-up and conditions of Theorem \2.3[ suppose 
(|2~T2j) . (l2TT3j) andi}(K i+1 ) > ip. all hold fori = 1,2,.. ,,K-1. ThenT(g* K ) = 
T(f* K ) and (jSpJ) holds. 

Theorem 12.71 also raises the question of whether the upper bound there, 
when it is actually larger than the lower bound in Theorem 12.31 can be 
matched by a corresponding lower bound. A full study of this is not at- 
tempted, but some key results are given in the final section of the paper. 

3. From sequential to general. The main idea here is to explain 
how in the general case the number of particles of a specified type can 
be decomposed using a finite collection of sequential branching processes. 
Consider a G Ck- Each particle of type o can be labelled by the classes that 
arise in its ancestry, tracing back to the initial ancestor in C\, and then by 
the particular types that link the successive classes. This label will be called 
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m 



its genealogical type. Thus, for example, the branching process arising from 

/ mn mia mi 3 m u \ 

m 2 2 m 24 

m 33 m 34 

\ m 44 / 

contains exactly three routes through the classes from the first class to the 
fourth, arising from 



m 44 



mn \ / mn "H3 

m 2 2 m 24 and m 33 m 34 
m 44 / V m 44 



and each particle in the final class arises from a line of descent following one 
of these three. For the second phase of the decomposition, each non-zero 
entry in mi 4 specifies a different type within the first route. Similarly, a pair 
of non-zero entries, one drawn from mi2 and the other from 77124, specifies 
a type within the second route. 

Slightly more formally, let £ be a label for genealogical type (so £ records 
which classes occur in the ancestry and which pairs of types link classes in 
that ancestry) . Now let (a, £) be an augmented type that indicates those of 
type a with genealogical type £. There are only a finite number of different 
genealogical types, and, by definition, 

(3.1) zW[na,oo) = J>$[na, oo). 

t 

Furthermore, each genealogical type corresponds to a sequential branching 
process embedded within the original one. 

The next two results follow by straightforward argument from the decom- 
position (I3.ip and the continuity of r-functions when finite. Note that the 
minimum of convex functions need not be convex, and so r in this theorem 
need not be convex, and hence need not be an r-function, but it will share 
in the other properties of an r-function. 

Theorem 3.1. Suppose that, for each £, there is an r-function, r^ such 
that 

7i _1 log (z^\ [na, oo)^ — > — r%{a) a.s.-P u 
for all a ^ T(r^). Then 

n _1 log \ [na, oo) J — > —r(a) = — min{r^(a)} a.s.-P„ 
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for all a / T(r) and 

^ r(r) a.s.-P,. 
Theorem 3.2. Suppose that for each £ 
(3.2) r £ o.a.-P„. 

T/ien 



-ig(n) r = maxrv a.«.-P„ 



Obviously Theorems 13.11 and 13.21 can be applied to get the overall speed 
when (INuj) and QSp| ) respectively holds for every embedded sequential pro- 
cess. The next result shows that this overall speed is often not as difficult 
to calculate as at first appears. Its proof will be described in §fl~Tl 

Theorem 3.3. Suppose that (]3.2p holds for each embedded sequential 
process with Ti = T(r^) and its associated ri given by the recursion (|2.6p 
in Theorem \2.3l Let T be the maximum speed obtained as in Theorem \3.Si 
Then 



r = max {r(£[Kj®, Kj*])} = max inf max 



Ki((f) Kj(6) 



i^-j i^j o<ip<e i ip a 

PROOF of Theorem 11.11 The conditions ensure that Theorem [2^41 holds 
for each embedded sequential process. Then Theorem 13.31 gives the result. 

□ 

4. Preliminaries. The section introduces various notation and gives 
some preliminary results on convexity, drawing heavily on other sources. 
Further convexity results that are more particular to this study will be 
obtained in later sections. 

A convex function is called proper when it is finite somewhere. A proper 
convex fun c tion i s called closed when it is lower semi-continuous — see 
Rockafellarl Il970l : § 7, p52] for a full discussion. For a convex function on 



R that is finite on a non-empty interval this is the same as demanding 
continuity from within at the endpoints of its domain of finiteness. The 
closure / of the proper convex function / on P is obtained by adjusting the 
values of / at these endpoints to make it closed. Thus f < f ■ By definition, 
an r-function is proper and closed and so at first sight the nature of the 
results might suggest that attention could be restricted throughout to closed 
convex functions. However, this is not so. By using the off-diagonal entry in 
m, it is easy to construct (reducible) two-type examples where #2 (given by 
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the recursion (12.15R ) is not closed (by being bounded on an open interval 
but infinite at one of its end points). 

Lemma 4.1. (i) When f is convex, f* is a closed convex function, 
as is f* provided it is finite somewhere, and (/*)* = /. (ii) If f and g are 
convex functions then so is 9Jt[/, g] and, provided 9Jt[/, g] is finite somewhere, 
m[f,g}* = £[f*,g*]. 



Proof. The first part is all contained in iRockafellarl Il970l : Theorem 
12.2], except for the claim about /*, which follows easily from its definition 
at (|2.3p . Th e first part of j(ii) | follows directly from the definitions and the 
second is in IRockafellarl 19701 : Theorems 9.4, 16.5]. □ 



LEMMA 4.2. When f is k-convex (as introduced in Definition dj): 
(%) f*(a) > — oo for all a; (ii) f*(a) — > oo as a f oo and T(f*) < oo; (Hi) f* 
is increasing; (iv) f*(a) < oo for some a; (v) f*(a) —> — /(0) as 
a I — oo; (vi) T(f*) > — oo if and only if f(0) > 0; 



Proof. When f(4>) < oo, f*(a) > 4>a — /(</>) > — oo giving (i) and, since 
> 0, letting a t oo gives (ii) Furthermore, because f(9) = oo for 9 < 0, 



/» = sup{0a - 



sup{#a 



f(9)} < S up{6a' - f(9)} 



6>0 



when a' > a, so /* is increasing in a. Since / is finite and convex there must 
be finite A and B such that f(9) > A9 — B for all 9 and then f*(A) < 
B, giving (iv) Part (v) follows from Lemma l4.1( i) and IRockafellarl 1970 : 



Theorem 27.1(a)]. Part 
ofT. 



vi 



follows directly from (iii) (v) and the definition 



□ 



The next result gives properties of k arising from irreducible m. It is worth 



stressing that part (iii) includes claims about one-sided derivatives at the 
end-points of V(k). 

Lemma 4.3. Suppose k is the PF^ eigenvalue of an irreducible m and 
that holds, (i) T>(k) is a (possibly degenerate) interval containing the 

(j) in ([Oj). (ii) k is k-convex. (iii) K is continuous on the closure ofD(K,), 
differentiable on T>(k) and analytic on its interior, (iv) k is closed. 

Proo f. Clear ly (11.21) implie s that n(d) < oo. For convexity, see King- 



man |l96ll], iMillej [l9_6_l| andlSengtal [l973]: Theorem 3.7]. Part p)1 follows 
immediately from this and (|1.2p . For analyticity on the interior, which is 
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a stra ightforward app lication of the implicit funct i on th eorem, see iMiller 



or 



1961: Theorem 1(a)]. lLancaster and Tismenetskvi 19851 : Theorem 11.5.1 



Biggins and Rahimzadeh Sanil 20051 : Theorem l(i)]. Each entry in m is 



continuous on the closure of the set where it is finite and so the same must 
be true of k. Hence, when k i s finite at the end-point of the interval on which 
it is finite. iRockafellarl 19701 : Theorem 24.1] implies that the derivative ex- 
tends continuously to this end-point, where the derivative at the end-point 



is the one-sided one from within the interval. Part (iv) follows directly from 



this and part (i) 



□ 



5. The irreducible cas e. The discussion s tarts with a simple lemma 
which is easily deduced from ISenetal |l973l . Il98ll : Theorems 1.1, 1.5]. 



Lemma 5.1. Let M be an irreducible matrix with all its entries finite 
and non-negative. Then M has a 'Perron-Frobenius' eigenvalue (which is 
positive, and of largest modulus) e 
pendent of n, v and a such that e 
n-HogiM^^^p. 



p , and there is a finite C that is inde- 
np (M n ) ua < C and, for primitive M, 



In this section it is assumed that there is just one class of types, so the 
matrix m is irreducible, that the exponential moment condition (|1.2f) holds 
and that m has PF + eigenvalue k. In fact the matrix m is assumed primitive 
up to the final result in the section, where periodic m are considered. Though 
rather simple, that extension to periodic m is important in establishing the 
main result. Most results in this section are not novel, though several are 
(I believe) new and their discussion underpins later developments. The first 
lemma is a simple upper bound on transforms that is an ingredient in the 
upper bounds on numbers described in the Proposition that follows it. 

Lemma 5.2. 

limsupilog (J e ex Z^\dx)^j < k{6) o.a.-P„. 
Proof. Using (fTTi) . 

-log I e ez E u Z^(dz) = Uog{m{0Y) 1/c . 
n J n 

Lemma 15.11 implies that 

lim sup i log (J e 6x E v Z^ (dxU < k{6) a.s.-P„ 
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and so for any e > and then large enough n 

® v fe e *zj?\dx) ^ . . 

j < exp -ne . 

exp(n(K(#) + 2ej) 

This has a finite sum over n, giving the result. □ 

The next proposition derives three upper bounds, the first concerns ex- 
pectations, the second the probabilities of certain 'extreme' events and the 
third actual numbers. These upper bounds on numbers are (nearly always) 
exact: that is the content of Propositions \2.1\ 15.51 and 12. 5| which are all 
needed later. 

Proposition 5.3. For all a, v, and a, 

limsupilog (E u Zl n) [na,oo)) < -K*(a), 
n n V / 

lim sup -log (p„(jB< n) > na)) < mm{-K*(a), 0} 
n n \ ) 

and 

lim sup - log ( 4 n) [na, oo) )< -k* (a) a.s.-P u . 

n n \ ) 

Proof. For 9 > 0, 

e ena E v Z^[na, oo) < J e ez E u Z^\dz) = (m(0) 



n \ 

vcr 



so that 

logfE^Wfna.oo)) < -n9a + log ((m(9) n ) va ) . 



Hence, for 9 > 0, using Lemma l5.ll 

lim sup -log ( E u Z^[na, oo)) < -(9a-K(9)). 
n n \ ) 

Since k is defined to be infinite for 9 < this holds for all 9 and so minimising 
the right hand side over 9 gives the first bound. Since 

Pu(Bi n) > na) = E V I{B^ > na) < E„zW [na, oo), 

the second follows directly from this. Turning to the third, since 

e ena Z^ [na, oo) < fe ez Z^ n \dz), 
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Lemma 15.21 gives 

limsup-log ( Z^ n) [na, oo)) < -(9a- re(0)) a.s. P„. 



and minimising over 8 gives the third bound, with re* in place of re®. However, 
Zv[na, oo) is integer valued and so can only decay geometrically by being 
zero for all large n, which implies re* can be replaced by re*. □ 

Proof of Proposition 12.11 This is just an application of suitable large 
deviation theory based on 

-log f e 9zi E v Z^\dz) = -log(m(e) n )„„ -> k(6) for 6 > 0, 
n J n 

which holds by Lemma [5.1[ See Bigginsl 1995 : §7] for a little more detail on 
the method. □ 



Proposition 5.4. 



sup- log (E a Zi n) \na,oo)) = -re*(o). 
n n V / 



PROOF. Note that a n = E^Z^ [na, oo) is super-multiplicative (a n+m > 
a n a m ) and so standard theory of subadditive sequences gives that the supre- 
mum agrees with the limit, and the latter has already been identified in 
Proposition 12.11 □ 

The next result concerns the decay of the pr obability of a pa rticle appear- 
ing to the right of na. For the one- type process iRouaultl 1198711 giy es a result 
similar to the next one under extra conditions and Rouault 19931 : Theorem 
2.1] gives a much sharper one. The multitype case does not seem to have 
been discussed before. 

Proposition 5.5. For a / U , 

-log (f u (B^ > na)) -> min{-re*(a),0}. 

Proof. Take b with b / U and re* (b) > 0. Take e > 0. Then, using 
Propositions 12.11 and 15.41 there is an r such that 

(5.1) -«*(&) > -log fE ff ZW[r6,oo)) >-«*(&) -e. 
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Starting from an initial ancestor of type a, regard as its children all its de- 
scendants r generations later of type a and displaced at least rb from the ini- 
tial particle's position. Identify 'children' of these children in the same way, 
and so on. The resulting process is a (one-type) Galton- Watson process with 
mean Ws a Z { j\rb,oo). This process is subcritical, because exp(— rn*{b)) < 1. 
Let j\K n ) be the number in its nth generation. Then, by arrangement, when 
the initial ancestor is of type a, 

N {n) < z^[nrb, oo) 

so tha t iV"( n ) > implies that B^ 1 ^ > nrb. Hence, using Asmussen and 
Hering [l983j: Theorem III.1.6] to estimate P (iV (n) > 0), 

- log (K (B^ r) > nrb)) > — log (p (N^ > 



nr v v j j nr 

1 



?■ 



log (E <T zW[r6,oo; 



> -K*(b)-e. 

Now, consider a process started from a type v. Because m is primitive, there 
is an s such that m n has all entries strictly positive for every n > s. Then, 
for a suitable T, there is a positive probability of a descendant in generation 
s + r' of type a and to the right of T for each of r' = 0, 1, 2, . . . , r — 1. Let 
p be the minimum of these probabilities. For b > a, all sufficiently large n 
andr' = 0, 1,2, ...,r-l 

P u [B^ r+s+r,) >{nr + s + r')aj > P u {b^ t+s+ ^ > nrb + T) 

>pP ff {B^ r) > nrb) . 

Therefore 

liminf - log (P„ (B^ >na)) > liminf — log fP ff (M nr) > nrb)) 
n n \ \ / / n nr V / 

> -K*(b)-e. 

This holds for any e > and b > a. Thus, since k* is continuous from the 
right except at U, 

liminf -log (p„ (b^ > no)) > min{-K*(a), 0} 

except possibly for a = U. The upper bound in Proposition 15.31 completes 
the proof. □ 
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Lemma 5.6. Suppose that the branching process is supercritical (i.e. 
k(0) > 0). Then k® is an r-function (as introduced at Definition^. 

Proof. Lemma [4.3l gives that k is k-convex and closed. Also, k(0) > be- 
cause the process is supercritical. Hence, using Lemma [4.21 k* is increasing, 
less than zero somewhere, and convex. Thus k" is a proper convex function 
that is strictly negative somewhere, left-continuous and infinite when strictly 
positive and so is an r-function. □ 

Proof of Proposition 12.51 The argument is very similar to that for 
Proposition 15.51 It will be convenient to let § be the survival set of the 
process, even though P„(S) = 1. Proposition 15.31 implies that (|2.5p holds for 
a > r(/c*), with the limit being — oo. Hence, only a < T(k*) need to be 
considered. Take b > a but with K*(b) < 0, which is possible because, by 
Lemma 15.61 K * is an r-function, and take e E (0, —«*(&)). As in Proposition 
I5.5[ use Propositions ^. Il and l5. 41 to choose r such that (|5.ip holds. Start from 
an initial ancestor of type a, and identify the embedded (one-type) Galton- 
Watson process as in Proposition [53J This now has mean K^Z^ [rb, oo) and 
is supercritical, because exp(— r(/c*(fe) + e)) > 1. Let jV"( n ) be the number 



in its nth generation. Then, using for example lAsmussen and Hering 



1983: 



Theorems II. 5.1, II. 5. 6] to get the limit of n 1 log N^ n \ 

— log ( 4 nr ) [nrb, oo)] > — log iV (n) 
nr V / nr 

-> - log (~E a ZP[rb,oo)) > -K*(b) 



on the survival set of N^ n \ which has positive probability. Three matters 
remain: allowing initial types different from a; dealing with generations that 
are not a multiple of r; and showing the result holds almost surely on the 
survival set of the whole process and not just that of some embedded one. 
The argument for dealing with all three is standard, and the idea is not 
complicated. It is run the process to some large generation, allow each type 
a then present to initiate its own N^ n \ and then use any that survives to 
provide a suitable lower bound. Here is a more careful version. 

Fix a. Let {zf^ : i} be the points of Za . Recall that J-^ contains all 
information on families with the parent in a generation up to and including 
a-1. Let N$f be the process 7V( n ) initiated by the particle at zf '. By 
arrangement, N^f contains points in the (nr + s)th generation to the right 
of nrb + z^ s \ Given J 7 ^ , these processes are independent. Let S(s) be the 
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event that at least one of these processes survives. Fix s and r' . For any i, 
for all large enough n, (nr + sr + r')a — z ^ sr+r > < nr \) anc [ so 

Z (nr+sr+r>) [{nr + gr + ^ Qo) > ^(»)^ _ 
for all sufficiently large n. Hence 

(5.2) liminf 3—— log (z^ r+r '\(nr + r')a, oo)) > - K *(b) - e 

n (nr + r'J V / 

on S(sr + r'). Furthermore S(sr + r') C §((s + l)r + r') C S and P„(S(sr + 
r')) t as r | oo. Hence (|5.2p holds almost surely on S for each r 1 = 

0, 1, 2, . . . , r — 1. Also, it holds for any e > and every b > a. Since k* is 
continuous from the right at a, this provides the lower bound to complement 
the upper bound in Proposition 15.31 

Though it does not matter here, it is perhaps worth noting that, because 
Za[na, oo) is monotone in a, the null set in (I2.5P can be taken independent 
of a. □ 

Since the proof of Theorem 12.61 will be by induction on K it is worth 
stating explicitly that the induction starts successfully. 

Corollary 5.7. When K = 1, Theorem HOI holds. 



Proof. For K = 1, the condition ()1.4[) is equivalent to f)1.2|) and the 
conditions (|2.12p , (I2.13P and ()2.14p are vacuous. Proposition 12.21 now gives 
the required conclusions. □ 

When m is irreducible with period d > 1, m d has d primitive blocks on 
its diagonal, each with PF + eigenvalue K d . These primitive blocks partition 
the types into d sub-classes. The next result deals with the case where v and 
a are in the same sub-class. It is possible to say a bit more, dealing with v 
and a in different sub-classes, but this is not needed here. 

Proposition 5.8. If 'primitive' is replaced by 'irreducible with period 
d > V then Propositions \2. 1\ and \2.2\ and all the results in this section con- 
tinue to hold, provided 'n' is replaced by 'nd' and v and a come from the 
same sub-class. 



Proof. Apply the results to the primitive process obtained by only in- 
specting every <ith generation. □ 
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6. Lower bounds on numbers, main results. The objective in this 
section is to prove Theorem 12.31 The main challenge is to show how in 
a sequential process the numbers in the penultimate class contribute to 
numbers in the final class. The first proposition shows two things, that the 
numbers in the penultimate class drive the numbers of those first in their 
line of descent to be in the final class and that those numbers drive the first 
in the line of descent of any other type in the final class. To discuss this, let 

(n) 

be the point process of those in generation n of type a that are first in 
their line of descent with this type. The subsequent theorem explores how 

(n) 

the numbers in combine with the growth of numbers within the class. 

Proposition 6.1. Consider a sequential process. Let v G Ck~\ and r G 
Ck be types for which m VT > and let v G C\. If there is an an r-function 
r such that for all a < T(r) 

liminf — log (^Z^[na, oo)^j > — r(a) a.s.-F v 

then 

(6.1) liminf-log (F^lna, oo)) > -r (a) a.s.-P v , 

n n V / 

for all a ^ T(r) and a G Ck- 

Theorem 6.2. Consider any process with final class Ck having 
PF^ eigenvalue k and initial type v ^ Ck- Suppose that for the r-function r 
and any a G Ck, (|6.ip holds for all a < T(r). Then 

liminf-log ( Zp)[na, oo)) > -£[r,K*] c (o) a.s.-P„, 
n n V / 

for all a < T(£[r, «*]). 

Before starting the main proofs, three lemmas are proved. The second of 
these identifies a characterization of £[r, n*] that arises in proving Theorem 
1631 

Lemma 6.3. Suppose f is k-convex, r is an r-function and 9Jt[r*, f]{<p) < 
oo for some (ft > 0. Then <t[r, f*]° is also an r-function. 

Proof. By Lemma I4.2| /* is proper, closed, convex and increasing. 
Clearly C[r, /*]° is convex. It is increasing, because both r and /* are, and 
negative somewhere, because r is. Since <t[r, /*] is continuous from the left 
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(by definition) the same must be true of €[r, /*]°. Finally, using both parts 
of Lemma 14,11 (9Jt[r*,f])* = €[r, /*], and now Lemma l4.^(i)| implies that 
(Wl[r* , f])* is not identically — oo. □ 

Lemma 6.4. Under the same conditions as Lemma \6.3\ for a < 

r(c[r,/*]), 

C[r, f*](a) = mf{Xr(b) + (1 - A)/*(c) : (A, b, c) G A a , r(6) < 0}. 

where A a = {(A,6,c) : A e [0, 1], Xb+ (1 - A)c = a, Ar(6) + (1- A)/*(c) < 0}. 

Proof. Let c[/, 5] be the convex minorant of / and g, so that £[/,<?] is 
the closure of c [/,<?]. Since <£[r, /*] is increasing and convex it is continuous 
and strictly negative on (— 00, r(£[r, /*])) and s o on that set C[r, /*](«) = 
c[r, f*](a). Furthermore, using iRockafellarl 1970 : Theorem 5.6], 

c[r, f ](a) = inf{Ar(6) + (1 - A)/*(c) : A 6 [0, 1], Aft + (1 — A)c = a}, 

which equals inf{Ar(6) + (1 - A)/*(c) : (A,6,c) G ^4 a } when c[r, /*](a) < 0. 
It remains to show that the additional constraint r(b) < makes no differ- 
ence, by showing that excluded values of the function can be approximated 
closely by included ones. The only possibility excluded is b = T(r), since r 
is infinity when strictly positive. The corresponding values of the function 
being minimised can be approximated arbitrarily well when A < 1 by taking 
b f r(r) keeping c fixed and adjusting A. To deal with the A = 1 case, where 
a = b = T(r), note first that if /*(&) = 00 for all a > T(r) then, because 
r(a) = 00 for all a > T(r) also, the same will be true of the convex minorant 
of r and /*. Then a = T(r) = T((£[r, /*]), contradicting a < T((£[r, k*]). 
Hence, there must be a c > a with f*(c) < 00. Then 

(l-^(^f)+ef(c) 

provide a suitable approximation as e ! 0. □ 

Lemma 6.5. Let Y n be Binomial on N n trials with success probability p n 
and Yjn( N nPn)~ l {^ ~ Pn) < oo. Then log(y n ) - log(N n p n ) -)■ as n -> 00 
almost surely. 

Proof. Chebychev's inequality gives that P (\Y n - EY n \ > eEY n ) is 
bounded above by (e 2 iV n p n ) _1 (l — p n ), and so Borel-Cantelli gives that 
Y n /(N nPn ) ^1. □ 
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Proof of Proposition 16. 11 Since r(a) = oo for a > T(r), the result 
holds in these cases. Assume now that a < T(r). The result is proved first 
for a = r. For some T there is a probability p > that a particle of 
type v has a child of type r to the right of T, because m VT > 0. Then, 
given F^ n \ Fi n+1 \nb — T, oo) is bounded below by a Binomial variable, 
Y n , on Z^ n \nb, oo) trials with success probability p. Take 6 G (a, T(r)) with 
r(b) < 0. Then, by Lemma 16.51 for e > and then large enough n 

log [nb - T, oo)) > log(F n ) > log (pZ^ [nb, oo) 

Hence 

lim inf ilog(i^ n+1 )[n&-T,oo)) > -r(b) 

and so ^ 

lim inf — log [na, oo) > —r(b) f -r(a) 

n 

as 6 4 a, giving (|6,ip for a < T(r) when a = t. 

Suppose now that a ^ r. Find a sequence of distinct types r = a(0) ^ 
cr(l) 7^ cr(c) = cr such that each type can have children of the type 

following it in the sequence. For some T, there is a probability p > that 
a particle of type r has a descendant c generations later to the right of T 
and of type a. Let F^ n+C ^ be the point process of all those in F^ l+C ^ with 
ancestors of type r in generation n. Then, given 

jr(n) ; F (n+c) 

[nb — T, oo) is 

bounded below by a Binomial variable, Y n , on F? [nb, oo) trials with success 
probability p. Thus 



lim inf — log F^ n Mna, oo) > —r(a) 
n 

when r(a) < 0. Clearly F& [x, oo) > F^ n ^[x,oo), giving the result. □ 

Proof of Theorem 16.21 Let d be the period of Ck- Take 6 < T(r) with 
r(6) < 0, c < T(k*) with k*(c) < 0, e > and A € [0, 1]. For each positive 
integer t, let n = n{t) and n = n(t) be chosen to be increasing in t with 

t = n + hd and with n/t — > X as n — > oo. Let A^t = iv [nfe, oo). Then, using 
the assumption that (|6.ip holds, provided n = n(t) — > oo, 

lim inf — log Nt = lim inf — log (f^ [nb, 00)) 

= A lim inf — log f M™** [n&, 00 
> -\r(b). 
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Given , Z$p [nb + hdc, oo) is bounded below by N t independent copies 
(under P CT ) of Z^ d \hdc, oo). Propositions 12.11 12.21 and 15.81 imply that most 
of these copies should have size near exp(— nd,K*(c)). Let Yj be the number 
that are not too far below their expectation, that is the number with 

log (z(" d )[ncfc,oo)) > M(-k*(c) - e). 

Then, given is a Binomial variable with Nt trials and success prob- 

ability pt, where 

p t = P CT (log (zf d \hdc, oo)) > hd(-K*(c) - e)) . 

Propositions 12.21 and 15.81 imply that pt — > 1 provided h(t) — >■ oo. Now 

log ( [rafe + hdc, oo) ) > log F t + hd{-n* (c) - e) 



and, using Lemma 16.51 Yt/Nt —> 1 almost surely when X^(V-^t) < 00 • Let 
T(j) = max{t : n{t) = j}. For suitable small 5 and then all sufficiently large 
n 

log N t = log fe n )[n6,oo)) > n(-r(b) - 5) > 0. 



Then, 



, N t ~ Y exp(j(-r(6) - 5)) 

and this is finite provided T does not grow exponentially quickly, for which 
it suffices that n(i) 7 > t for some 7 > 1. Putting this together, provided 
n(t) — >• 00 and n(i) 7 > t, which can both be arranged, 

(6.2) lim M - log (zjf>[nb + hdc, 00)) > A(-r(6)) + (1 - A)(-/s*(c) - e). 
Note too that 

nb + hdc fn i hd \ .„ 

=1—6-1 c ->• A6 + (1 - A)c 

t V ^ J 

so that (|6.2p implies, using continuity of r at 6 and k* at c, 

(6.3) liminfilog(z(*)(t[A6+(l-A)c),oo)) > - (Ar(6) + (1 - A)k*(c)) . 

Consider instead the case where k*(c) > 0, but still with t = n(t) + h(t)d. 
Let p t = P CT (B [ J ld) > hdc^j . Now, given J 7 ^, [nb + hdc, 00) is bounded 
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below by a Binomial variable, Yt, on Nt = Fa [nb, oo) trials with success 
probability p t . Much as previously, provided n(t) — > oo, n(t) — > oo and 
n(t)/t — > A, as t — > oo, Propositions 15.51 and 15.81 give 

liminf - (logiV t + logp t ) > - (Ar(6) + (1 - A)k*(c)) . 

Therefore, using Lemma 16.5] when \r(b) + (1 — A)k*(c) < 0, 

lim inf — log {z® [nb + hdc, oo)) > lim inf — log Yt 

>-(Ar(6) + (l-A)«*(c)) 

and so, using continuity of r at 6, (|6.3j) holds in this case too. 

Hence (|6.3p holds for any A E [0,1], any 6 such that r(b) < and any 
c with Ar(6) + (1 — A)/c*(c) < 0. Fix a. Maximise the right of (|6.3p . using 
Lemma 16.41 over (A, 6, c) E ^4 a with r(6) < to get 

lim inf - log (z® [ta, oo)) > C[r,K*](o). 

Now use that ^ oo) is integer-valued to replace £[r, k*] by £[r, k*]°. □ 

PROOF of Theorem 12.31 The result holds for K = 1, by Corollary 15.71 
Suppose the result holds for K—l. By Lemmas 14.31 and 16.31 r K nas t ne right 
properties. Then, by Proposition 16. II and then Theorem I6.2[ (|2.7p holds. □ 

7. Properties of f* and the recursion. The main objectives of this 
section are to prove Proposition 17.11 giving properties of ft and to establish 
Proposition 12.51 giving the alternative recursion for rj. 

Recall that /' is the maximal convex function that has f\6)/6 mono- 
tone decreasing in 9 E (0, oo) such that p < f, and that •& (/) is given 
by (|2.10p . The next result describes the structure of p and shows #(/) 
is closely connected to T(f*). It is worth mentioning that, although this 
Proposition admits other possibilities, in the main results here /($) and 
/(#) will only be different in cases where /(#) is also infinite. The formula 
r(/*) = mi{f(6)/6 : 8 > 0} included in the Proposition i s the one used 



for the speed in the irreducible blocks by IWeinberger et al.l [20071 ] in their 
model. 

Proposition 7.1. Suppose f is k-convex. Let T = T(f*), ■& = ■& (f) and 
if; = inf2?(/). Then p = — oo and •& = — oo when T = — oo. Otherwise, 
$>0 and f\9) = f(9) for < 9 < ■& (by definition). When < ■& < oo, 

f\9) = 9T < f(9) for9>$ 
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and 

/(#) > /(#) = #T w/ien t? = V> 
<?r = < w/ien i? > V 



/V) 

In aZZ cases, 



(7.D r = h f^ = hf M. 

6>>0 6>>0 6* 

When < $ < oo, T = provided f is lower semi- continuous at $ 

and, when $ = oo, T = lim^oo f(9)/9. 

Recall that /* is defined to be (/*)°. Let 

/=(/T = ((/Tr> 

and 

^(f) = mf{9:f\e)<l(e)}, 

which is +oo when this set is empty. Let ifi = inf T>(f). The next lemma, 
which will be proved later in the section, says that and can only be 
different at ip where the former is f(ifj) and the latter is f{ip). This motivates 
deriving properties of / . 

Lemma 7.2. Let f be k-convex. Then d (/) = ${f). When i? (/) = -oo, 
/b = /■> = -oo. When (/) > 0, f\6) = f\6) for > ±, and f\fj = 

f(±)>£(±) = f\±). 

The next result establishes some properties of / . In particular the second 
part shows that it is a candidate for f \ in that it has the right properties. 
Building on these properties, the result following this one characterises f\ 

Lemma 7.3. Let f be k-convex and T = T(f*). 

(i) f (0) = sup a<r {#a — f*(a)} when T > —oo, and f' = — oo when 

r = -oo. 

(H) f < f an d f\0)/0 is decreasing as 6 increases, so < fK 
(Hi) When 6' > 9, f%0') < f\9) + {9' - 9)T . 

Proof. Since /*(a) > for a > F and these are swept to infinity in /*, 



applying the definitions gives (i) Now 



f\9) = sup {9a - /* (a)} < sup {9a - /»} = f{0) < f(9) 

a<F a 
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using Lemma 14. II for the second equality. Also, 

Ac) / /*(») 



and f*(a) < for these a, so this decreases as 9 increases. This proves (ii) 
Maximising 9' a — f*(a) = 9a — f*{a) + (9' — 6) a over a < V completes the 
proof. □ 

At this point an additional convexity idea is needed. The sub differential 
at <f) of a convex /, ojf (</>), is defined as the set of slopes of possible tangents 
to / at <j). More formally, 

TO) = {a:/(fl)>/(0) + a(#-0) V0}. 

The set is empty when / is infinite at <f> or has a one-sided derivative at 
that is infinite in modulus, it contains a single value at points where / is 
dif fer entiable, and it is a non-degenerate closed interval in all other cases 
- Rockafellarl Il970l : Theorems 23.3, 23.4]. In the last case the infimum of 



df((p) is the left point of this interval and is the derivative of / from the left 
there. 

Lemma 7.4. Suppose f is proper and convex, (i) If f is finite in a neigh- 
bourhood of 4> then df(4>) = df{4>) and is certainly non-empty, (ii) The fol- 
lowing are equivalent: 7 6 df((j)); <fy)—f{<f>) = (= sup{6*7— f(9) : 9}). (Hi) If 
/(</>) = f(4>) the statements in (ii) are also equivalent to <fi £ 9/* (7) and to 



07 " /* (7) = sup{a0 - /* (a) : a} (= /(«£)). 



Proof. The assertion that df{4>) is non-empty is in Rockafellar 



Theorem 23.4]. The equivalences are some of the results in lRockafellar 



1970 



1970 



Theorem 23.5]. □ 

Lemma 7.5. Let h be k-convex with h(4>) < 00. Suppose g is convex, g > 
h, g(4>) = h(4>) and 7 G dh{4>). Then (i) 7 G dg(<p) and 3* (7) = h*(^); (ii) if 
h{9) = g(9) for all 9 < 4> then g*(a) = h*(a) for all a < 7; (Hi) if, in 
addition, g(9) = 00 for 9 > (f> then g* (a) = h* (7) — 0(7 — a) = 4>a — h(4>) for 
a > 7. 

PROOF. Since g((p) = h{4>) and g > h, 

dh(4>) = {a : h{9) > h((/>) + a(0 - 9) W} 

C {a : g{9) > g(tj>) + a(<f> - 9) V9} = dg{4>). 
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Thus 7 G dh((f>) implies 7 G dg(4>), and then Lemma I7.^(ii)| gives 
fr*( 7 ) = sup{6»7-/»(fl)} = 07 "M0) = 07-5(0) = su P {0 7 - s(0)} = 



This proves (i) For any 9 

9a - h{6) =0j- h(6) - 0( 7 - a) 
< 07 - /i(0) - 0(7 - a) 
= 0a-/i(0)-(0-0)( 7 -a), 

and so, when (6 — <p){^ — a) > 0, 0a — /i(0) < 0a — h(4>). Hence, for a < 7 

ft* (a) = sup{0a - /i(0)} = sup{0a - h{9)} 

e e<<j> 



and this holds also for g, giving (ii) Also, for a > 7 



sup{0a - h(9)} = <f>a- h(<f>) = 07 - h(<f>) - 0( 7 - a) = ft* (7) - 0( 7 - a) 

6K</> 

and when g(0) = 00 for 9 > the first expression here is g*(a). □ 

Lemma 7.6. Let f be k-convex, V = r(/*) ; and $ = # b (/). 

(%> 7/r > -00 and <9/*(r) = or /*(T) < t/ien f b = / and 1? = 00. 
fit) //r > -00 and 6>/*(r) / tten /or any G d/*(r) 

f ^ = / m < 4> 

J 1 ; \ 0T-f*(T) 9 > (/) ' 
/ b (6») = /(0) i/ and only if6<$. 
PROOF. Assume df*(T) = 0. Then f*(a) = 00 for a > T, using Rockafel- 



lar I1970I : Theorem 23.4]. Also, if /*(r) < 0, then, since /* is continuous 
when finite, f*(a) = 00 for a > T. Hence, in both cases, 

f\9) = sup{0a - /* (a)} = sup{0a - /»} = /(0), 



and so ^(f) = inf{0 : / b (0) < f(9)} = 00. This give [M Now assume 



o»/*(r) / 0. For any G df*(T), Lemma [73] (with /i = /* and g = /•) gives 
(ii)] because (/*)* 



Turning to the final part, the result is immediate (and without real 
content) when T = —00. It also holds when (i) holds. When |(ii)| holds 
^{f) > supd/*(r), but when /(0) = f b (<f>) = <f>T-f*(T) LemmaE^h)] gives 
G df*(T). Hence i? b (/) = supo»/*(r) and f\9) < f(9) for all 9>^(f). □ 
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Proof of Lemma EE Let ■& = tf b (/) and r = When V = -oo, 

f*(a) > for all a, ft = — oo and i? = — oo. If ^ — oo then, for some finite 
A > and B, A + B9 < ft(9) < f(9) and then /*(£) < -A < 0. Hence 
when T = — oo, = — oo and •& (/) = — oo. 

Assume now that r > -oo, so that ft ■£ -oo. Then ft(ip) = f(ip). By 
Lemma Ep)j ft > ft and using Lemma EH f\±) = ftf) < f{±) = ft(f>- 
We need to show that ft and / agree on (ip,oo). When T>(f) = {ip} the 
result holds. Hence we may suppose T>(f) has a non-empty interior. Then 
/ > ft > ft = / = / on (i/j, #). Thus the result holds when # = oo, and so 
we can assume d < oo, and hence, by Lemma l7.(|(i)| that /*(r) = 0. Then, 
by Lemma Ep)l ft(9) = f(9) for 9 G (^,0) and/\fl) = for G [0,oo). 
Suppose that for some (j) > ip, f\<j>) > f (<f>)- Hence, <f> > i? and f\<j>) > T<p. 
Then 

fM> >r= m = m = limint m > liminf m 

contradicting that f\0)/6 is decreasing and continuous at 0. 
It remains to prove d (/) = $ in this case. Lemma l7.(^(iii) gives 



•& = inf{0 : ft(9) < 1(9)} = sup{0 : ft(9) = 1(9)} 

and the relationship between ft and ft already established means this equals 
sup{0 : ft(9) = f(9)} which is (/). □ 

PROOF of Proposition 17.11 This uses Lemmas YT?2\ and [7T6l When Y = 
— oo, Lemma 17.21 contains the result. When df*(T) = or /*(r) < the 
characterisation of ft follows from Lemma I7.6|fi)| In the remaining cases 



$ = $ (f) < oo and the characterisation follows from Lemma [72 The 



assertion about T follows from this characterisation. □ 



The following Lemma will be important in later sections. The one after it 
records various facts needed to prove the alternative recursion in Proposition 
1231 

Lemma 7.7. Let f be k-convex and a £ df(9). (i) If 9 > <& (/) then 
f*(a) > 0. (ii) If 9 <<?(/) then f*(a) < 0. 

Proof. By Lemma \772\ ■& (f) = ?? b (/). Lemma ITU gives 



f(9) = 9a- f*(a) = sup {9b - f*(b)} > sup {9b - /*(&)} = ft(9). 

b b<T 
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When 9 > i? (/) there is strict inequality, implying that f*(a) > 0. 

If = 9 < •& (/) then > -oo and so f*(a) = -/(0) < 0. Otherwise, 

take 9 < 9 + e < ■& (/). Note that f (6)/9 is decreasing on (0, oo) and equals 
1(9) /0 on (0,i? (/)), and that f b (9) = f(9) = 9a - f*(a). Therefore 

^ (9a - f*(a)) = °-4 1 f(9) > f(9 + e) > (9 + e)a - f*(a). 



Thus -ef*(a)/9 > 0. □ 
Lemma 7.8. Suppose f and k are k-convex. (i) /* = (Z 11 )* = (/^ and 

/?=(/•)*■ (ii)v(f*) = v+(f). (m) m[f\^ = m[f\^\<m[f\K\. 

Proof. The first part follow easily from Lemmas 14.11 and 17.21 because 
/ = (/*)* an d the second from Lemmas 17.21 and I7.5|(iii) For the final one, 



just note that 9Jt[/', k?\ inherits all the right properties from and k\ □ 
Proof of Proposition 12.51 By definition (|2.6I) . /• = k® = r\. Suppose 



the result is true for i — 1 . By Lemmas 14. ll fii) and [72 ]}) 

(fb* = fr = will, «if = (mli,^ 

= K *]° = £lr l _ 1 , K *]° = r i 

as required. □ 

Lemma 7.9. Let fa be given by (I2.1ip . When holds, fi is closed 

and k-convex, [fa, oo) C T^(ff) = C\j<i^ + ( K j)t — oo < j-j /or eac/t i ; and «/ 
/i(0) > then fi(0) > 0. 



Proof. Using Lemma 14.31 f\ = K\ is k-convex, and by Lemma I7,£|(ii)| 
T>(f\) = T> + (ki). Hence the result is true for i = 1. Suppose the result holds 
for i — 1. By definition, 

v(f i ) = v(Ti[fl 1 ,K i ]) = v(fl l )nv( Ki ) d [&_!,«>) nz>(«i) 

which is non-empty, since it contains fa by f)1.4[) . Thus /, if k-convex and 
T>(ff) contains [fa,oo). Furthermore, /jLj and Kj are closed, so /j is too. 
Since 'D(fi) is non-empty V + (fi) = ^(/jLi) n T> + (Ki), and then the induc- 
tion hypothesis and Lemma l7.£|(ii)| confirm the formula for T>(f < -)- Now, by 
Lemma [4.2f i). — oo < (ff) = f* = fj. Since is closed, /j_i(0) > 
implies that i}_ x (0) = /i_ x (0) and then £(0) > /^(O) = /i-i(0) > 0. □ 
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8. Upper bounds on numbers. Here, Theorem 12.71 will be proved. 
The first lemma presses the argument deployed at the start of the proof of 
Proposition 15.31 a little further. It notes that (]8.ip implies the apparently 
stronger (|8 . 3|) . The minor distinction between and f* (= (/*)*), exposed 
in Lemma 17.21 matters in this result. 



Lemma 8.1. Suppose that for a k-convex f with T(f*) > — oo and a 
point processes P^ 



i.l) limsup ^ log (^j e 9x P {n) (dx^j < f{9) 



a.s. V6. 



Then 



.2) limsupilog (p (n) [na,oo)) < -/'(a) a.s. Va 



n 

and 



1.3) limsupilog (J e ex p( n \dx)^J < f\0) a.s.MO. 



Proof. For 9 > 0, 



9na + log pW[na, oo) < log ^ e fe P (n) (d:c) 

and so using (|8.ip . minimising over 9, and using that P^[na, oo) is eventu- 
ally zero when it decays gives (|8,2p . The assertions (|8,ip and (|8.3p are the 
same when $ (/) = oo. Hence we may assume $ (/) < oo. For e > and 
large enough n, P^[n(T(f*) + e), oo) = 0. Then, for 9 > ip, 

f e dx P^{dx) < e (^)(r(r)+e)n J e ^p(n) {dx) 

so that (18. ip gives 

limsup i log (J e ex P^(dx)^j < f{ip) + (9 - t/))T{f*) a.s. 

Take ip = 9 when 9 < •& (/) and when # = i? (/) = inf2?(/), so in these 
cases the right hand side is just f(9). Otherwise, take ip £ ^(/) and then let 
ip — > i9 (/). (If / is lower semi-continuous at i9 (/) taking ip = $ (/) will do.) 
Then the right hand side becomes /(# (/)) + {9 — i? (f))T{f*). Proposition 
17.11 confirms that the right hand side is in all cases. □ 



SPEED IN MULTITYPE BRW 



33 



Recall that — Xi is the logarithm of the indicator function of the set T> 



i— l.i • 



Lemma 8.2. In a sequential process with m VT > for v £ Ck-i and 
t € Ck, suppose that for all v 6 C\ and 6 



lim sup — log | / f 

n 



ex zi n \dx)^ < f(9) a.s.-K, 



where f is k-convex with T(f*) > — oo. Let g = f^ + xk and 1st k be the 
PF^ eigenvalue of the final block in m, corresponding to Ck- Then, for a £ 
Ck, 

lim sup i log (J e ex Z^{dx)^j < Wl[g\ k]\o) a.s.-F y 
andF(Wl[g\K}) > -oo. 

Proof. Note first that f^<g^< M[g\K]\ so that T(f*) > -oo implies 
that r(g*) > -oo and that T(m[g\ k]) > -oo. 

In) 

Recall that are those in the nth generation that are the first of type 
r in their line of descent. Taking conditional expectations, 



E 



e 9x F^ n+1 \da 



Jx 



Zi n \dx)\ m VT {9) 



and so, using Lemma 18. II and the definition of g, 



lim sup — log E 

n 



e 9x F^ n+1 \da 



F {n) 



< g(6) a.s.-P,,. 



Then conditional Borel-Cantelli (e.g. IChenl [19781 ]) gives that 

lim sup i log (J e 0x F^ {dx)^j < g(0) a.s.-P„ 

and a further application of Lemma 18.11 gives that 

lim sup ~ log (J e 9x F^\dx)^j < g\0) a.s.-P,,. 

The set of particles obtained as those first in their lines of d escent that ar e 
either in Ck or in generation n forms an optional line, as in Ijagersl [1989]. 
Let £?( n ) contain all information on reproduction down lines of descent to 
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particles in this line. In this sequential process the first in any line of descent 
with a type in Ck is necessarily of type r. For any a £ Ck and 0, 



E 



i 9x zi n \dx] 



n „ 

/ e dx FP(dx) (m(^), 

r=0 J 



Hence, the bound just obtained, Lemma l5.lt and routine estimation give 



lim sup — log E 

n n 



e 6x Z^\dx) 



;(«) 



<m[g\K](0) a.s.-P„. 



Conditional Borel-Cantelli and Lemma 18 . 1 1 complete the proof. 



□ 



Lemma 8.3. Define gi by f|2. 15j) . Then gx is finite somewhere on (0,oo) 
if and only if (ll.4p ZioWs and fl2. 121) ZioZds /or i = 1, 2, . . . , K—l. When these 
hold gx is k- convex, 

[<t> K ,oo) c = (rw^ + K)) n (fWi p 



5^ «s continuous on V{g K ), and —g* K {a) < oo /or some finite a. 

Proof. Assume gxi^x) is finite. Then 4>k G T>{kk) and there is a 
4>k-i,k — 4>K such that (ffL-.-i + X-Rr) OAk-i^K") < °°) which implies that 
4>k~i,k G T^k-i,k and that there is a c^a-i < <Pk-i,k with gK-lijpK-l) finite. 
Hence, by induction on ET, gK{4>) finite for some positive </> implies that (jl.4p 
holds and (ETC!! holds for i = 1, 2, . . . , 

Now suppose dUU) holds and (f2TT2D holds for i = 1, 2, . . . , K—l. All the 
assertions of the lemma then hold with g\ = K\ in place of gx- Suppose all 
the assertions hold for gx-i- Then 

^(ffjc-l + XK-l) = V + (g K -i) n V K ^x >K D [</>k-1, oo) Pi V K -i,K 3 <f>K-l,K- 
Since this is non-empty, 

V(g K ) = DOJttK^ + = T> + (g K -i) n £>+_ liC n V{n K ) 

and is continuous there, because g K _ x is by assumption and kk is by 
Lemma l4~3l Furthermore V{gK) 13 [(f>K-lj°°) H V(kk) 3 <Ak and so is non- 
empty. Then, using Lemma [Tiffin) I 



P(^) = v+{g K ) = T>+(g K -i) n £>£_ ljK - n v+(k k ) d [0k, oc), 

and g^ is continuous there. Substituting for V + (gK-i) gives the formula for 
V + {gK)- Lemma l4T2-(i)] gives the final part and the induction is complete. □ 
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Proof of Theorem 12.71 Note first that the final assertion is contained 
in Lemma 18.31 Now, by Lemma 18. 11 it is enough to show that 

lim sup i log (J e 9x Z^ (dx) \ < g K (8) &.s.-F„. 

and that T(gx*) > — oo. Both hold when K = 1. The first by Lemma |5.2| 
the second by combining Lemmas 03 ]y\) , I4.5|(iv) and the assumption that 
ki(0) > 0. Assume the result holds for K—l. Then it holds also for K, by 
Lemma 18.21 with / = gx~i and n = kk- D 

9. Matching the lower and upper bounds. In this section Theo- 
rems 12.41 and 12.61 will be proved, using Theorem 12.71 These are cases where 
the upper bound on numbers match the lower bound based on Theorem 12.31 
The simpler theorem will be discussed first. 

PROOF of Theorem 12.41 Let Si and be as (|2.1ip and (|2.15p . Clearly 
91 = fx = «i- Assume gi-i = Note first that (f^+Xi) > Si-i and so 

g % = VR[{g\_ x +Xi)\Ki] = W[(S}-i+xd\ > ^[(Stx^i) = Si- 

By Lemma ES flU} is equivalent to X>(/jLi) n X>(«i) C 2Vi,; (= £>(Xi)), 
and when this holds ?Bl[Si-i+Xi, K i] = VR[fi-i, Then, 

9i = m[(fli+xi)\^} < %i[Sli+Xi,Ki] = swL/ii,«i] = Si- 

Hence gi = /j. Thus, by induction, gx = fx- Then g 9 K = f^, which by 
Corollary 12.81 gives the result. □ 

The proof just given relies on a simple estimation of (/•_ i+Xi) and then 
T>(ni) making Xi irrelevant. To deal with more cases it is necessary to refine 

the estimation of and make a more careful comparison of the 

result with f€j. This is done next. 

Lemma 9.1. Suppose f and k are k-convex with T(f*) > — oo. Suppose 
C is a convex set, and let x(@) = ~ 1°S 1(0 £C), ^ = inf C and ip = sup C. 
Let X i(0) =-logI(9 E C+) and X 2(0) = -log/(0~€ (-oo,^]). 

(i) T{Wl[{ft+ X )\4)>-™. 

(ii) IfT>(fy and is continuous from the right at ip then 

(f"+x)\o) = l (/ V- x)( - } 9< ^ 
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(Hi) If, in addition to the conditions in (ii), 

(9.1) k(6) > e(f\^)/i>) for 9 E oo) or (/) < ^, 
then 

m[(f^+x)\n\=m[f^+xi^}. 

(iv) If, in addition to the conditions in (ii), 'D(f^) DT>(k) C [ip,oo) then 



£W[(/"+x)>]=J»t[(/ 1I +x2),«], 

except possibly at ip, and when they differ there the left hand side is 
infinite. 



(v) When the conditions in both (Hi) and (iv) hold S0t[(/''+x) > k] = 
%Jl[f \ k] except possibly at tp, and when they differ there the left hand 
side is infinite. 



Proof. The proof of part (i) mimics the first part of the proof of Lemma 
8.21 The form of (f^+x) i n (ii) follows from Proposition 17.11 Now, assume 

(f^+x)^ is dominated by k in [ip, oo) and equals 



(|9.ip holds. In the first case, 

on C. In the second, since i? (/) < ip < oo and f* is continuous from the 
right at ^, T(/*) = fX$)fii> by Proposition EE and so (fl+xf = ft on 
C + , and this also holds when tp = oo. Hence in both cases 9K[(/' 1 +x)'', k] = 
k], proving (iii) By (ii) , (f^+x) an ^ (/^+X2)^ agree for >ip, and 

(/^+X2)^ = /" for < ^ Since 2?(SDt[/", «]) = 2?(/D D ^[(/l+x)", «] 

and OHf/' 1 , k] agree (and are both infinite) on (— oo, ip) and by (ii) they agree 
on (ip,ip). They also agree at ip when ip E C and when it is not (f^+x) is 
infinite there. This proves (iv) The final part is an application of (iv) to 
f + Xi- □ 



Proof of Theorem 12.61 Note first that, by Lemma [7T^l(ii)| 
V + {g K1 ) = T>(g^ K _ 1 ). Also, Lemmas I7.£|(ii)| and 17.91 show that the 
left of (OTP is just V+{fi) n V{K i+ i). 

The proof is by induction. For it, add in the additional assertion that 
g\ = fy, except possibly at inf P(/^-) when g^ K is infinite there. The result, 
including this additional assertion, is true for K = 1. Assume the result 
and the addition are true for K—l. When (|1.4p holds and (|2.12p holds for 
i = 1, 2, . . . , K — 1, Lemma [8.31 implies that g\_ x is finite at ipx-i an d so 
equals /jLi and is continuous from the right there. Also, by the induction 
hypothesis P(fl , 5i-_ 1 ) C T^ifx-i) (and equals it unless f\_ x is finite and g K _y 
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infinite at inf V(f K _ 1 ) = mlV(f K _J). Hence (l2J3jl and (l2l4jl with i = K-l 
mean Lemma I9.1|(v)| applies. Together with the induction hypothesis this 
gives g K = 9Jt[/|7^] = fx except possibly at ^ K _ x and inf2?(/^_ 1 ), 
where they can only differ with gx being infinite. Furthermore, by Lemma 
I8.3| Ik{<$>k) < 9k{4>k) < oo. Since both functions are proper and convex, 
and fx is closed, they can only differ by being greater, and infinite, at 
the end points of Hence g\ = f\ except possibly at inf Then 

these two functions have the same F-dual, that is g® K = fx- Q 

10. Formulae for the speed. The main objective here is to establish 
Theorem 12.91 giving an alternative formula for the speed T(g* K ), which plays 
a critical role in the proof of Theorem 12.101 A few other remarks are also 
included about computing the speed. 

There are several alternative formulae for from the irreducible case 

that apply more widely to any k-convex /. One is contained in (17.ip in 
Proposition 17.11 Another is that V = sup{a : f*(a) < 0}, which holds 
because /* is convex and increasing. Furthermore, by convexity T is the 
unique solution to /*(r) = 0, provided only that there are a u and v with 
/*(«) < < f*(v) < oo. 

When / is differentiable throughout T>(f) and there is a 9 such that 
6f'{0) ~ f{0) = then = f'(6) — this is straightforw ard calculus 

when 6 is in the interior of T>(k), and all cases are covered by Rockafellarl 



1970l : Theorem 23.5(b)]. Then T(f*) can be found by solving f(9) = 6f'(6) 



for 9. This is certainly relevant in the irreducible case, since Lemma l4.3j(iii' 



gives that / = k is differentiable, but need not be once there is more than 
one class. 

Lemma 10.1. Suppose that f and k are k-convex with T(f*) > — oo, 

that x = — log 1(9 G C) for a convex C, that g = 9Jt[(/ 1 ' + x)\ K ] an d that 
this g is finite somewhere (so T>(f^ nCn 7^ Let if) = supC. For 
0<9(£C + , g{9) = 00. For < 9 e C + , 

(10.1) ^ = inf(max(M ) ^)\ :O<0 <^ 



V 

where the condition (f> < ip can be omitted when \9.1\) holds and f^ is con- 
tinuous from the right at ip. 



Proof. It is immediate from its definition that g(9) = 00 for < 9 ^ C + . 
By definition f\9)/6 is decreasing as 9 increases for any convex /. For 
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9 E C+ 



— — = max < , — — 



= inf{ ma x{(^±|M,^)j :0 <,<,j 

(10.2) = in f/ max /ZM ; ^l\ :O <0<0, ^ec 



V 

Proposition O relates and /: f\9)/9 and f{8)/9 agree and are decreasing 
up to "& (/); when $ (/) < oo, the former is constant and the latter is larger 
for 9 > i9 (/), and either the two agree at 9 = # (/) or the latter is larger. 
Hence, 

£^=infimaxi^M,^):O<0<0 ) ,<^C 



V 



This is (jlO.ip when i|i £ C. When it is not, the limit of f(<p)/cp as tp ^ ip 
is no greater than f(ip)/ip and so replacing (p<(J)£C by (p<ip in the 
formula will not change the output. 



Lemma[9J^iii) shows that if (|9.ip holds and f^is continuous from the right 
at tp then the restriction to E C in f)10.2|) can be replaced by E C + . 
Then / can replace f* if this restriction is dropped too: that is, for 9 E C + , 

£^ =int / max //!w,^; :0 <*<» * £C h 



v 

aJn^Iffl,!!!:,,,,,,,!. o 



V 

Proof of Theorem 12.91 The result is true for K = 1 as is the 
additional condition that r(gi) > — oo. Assume it is true along with 
this additional condition for K — 1. Let = {9\, 92, ■ ■ ■ , 9k-i)-> h{6) = 
max {fti{9i) 1 9i : % < K—l} and let be the set the infimum is taken over 
in (|2,18p for l K—V so that the induction hypothesis is 

9 J^=M{h(0):0eA,}, 
By the previous Lemma, for < 9 E D^—i ki 

— - — = mi < max < , — - — > ■ < (p < 9, <p < ipx-i f ■ 
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Now 



max 



max jinf {h{6) : 6 G A^} , ■ 



and reordering the maximum and infimum on the right makes no differ- 
ence. This gives gx in the required form and Lemma I9.1|(i)| gives that 
T(g* K ) > — oo, completing the induction. Then the formula for T{gK) is, 
by Proposition 17. 1\ obtained by minimising also over 9. The result for fx is 
just a special case. □ 

Lemma 10.2. Assume (2.12\) holds. In (2.1ty) and (2.19\) the conditions 
l 9% < ipi ' can be dropped if A2.13\) holds for z = 1,2,..., K—l. The conditions 
% G T>f_ Xi ' can be dropped in A2.18\) if i? (fti+i) > $ . for i = 1, . . . , K-2 
and from \2.19\) if this holds also for i = K—l. When both sets of conditions 
in \2.19\) can be dropped r(g^) = T(f K ). 

Proof. Lemma 18.31 gives that g\ is continuous at Then the proof 
that the conditions 9i < ip i can be dropped in (|2.18p is by induction on i 
using the last part of Lemma IIP. II When {ni+i) > ift ■ for % = 1, . . . , K— 2 
the extra possibilities included by discarding the conditions 9i G T>f_i i for 
i = 2, ... ,K— 1 in (12. 18ft are larger than those included and so make no 
difference to the infimum. (Here 9k G Dt, K cannot be excluded, since the 
infimum is not over 6k-) The argument simplifying (j2. 19j) is the same. □ 

Proof of Theorem 12.101 This is contained in Lemma [10721 □ 

11. Simplifying the formula for the speed. 

Lemma 11.1. Assume f and k are k-convex, that /(0) > and that 
g = %Jt[f\ k] is finite somewhere. Let $ = $ (g) (and, for later, T = F(g*)). 
Then the following hold. 

(i) & >m\j\K\ 

(ii) ■& (k) < <&. 

(Hi) g{9) = g\9) = Wl[f\ k\{9) for 9 < •&. 
Proof. Let <p = mi {9 : k{9) > M[f\iJ\(9)}. Observe that 

m\ «] = g > = m\ *t > nf\ ^ = m\ 4 



where the final equality is from Lemma I7.8j(iii) which gives (i) There is 



equality throughout when 9 < •& (k), since then k\9) = k(9), and also when 
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8 < ip. This implies that ■& (k) < $, proving (ii) and that (p < Note too, 
for later in the proof, that $ (k) < tp, because w and k agree for 8 < $ (k). 
It remains to show that •& < tp. It is certainly true that $ < p when <p = oo. 
Also if = oo for all 8 > ip then g(8) = oo for 8 > p>, but, by Proposition 
17. 1| is finite for 6 > ip and so i9 < 93. In the remaining case ip < 00, k 
is finite on (99, ip + e) for some e > 0, and there are 8% \, p taken from this 
interval with g(8i) = k(8i). By Lemma l7.^(i)| dK(9j) is non-empty. Hence, 
by Lemma \7\5\ g*{a) = K*(a) for a G dn(9i). Since $ (k) < ip, Lemma IT^Tij] 
implies that K*(a) > 0. Hence g* (a) > and Lemma I77^(ii)| gives d < p. □ 

Lemma 11.2. Use the set up of Lemma (i) If 

T = max{r(/*),r(K*)} then g\8) = M[f\ k*\ (8) except possibly at 
8 = •&. (ii) IfT > max{r(/*),r(«;*)} then < 00, and (Wl[f\ k\&) - 8T) 
is strictly positive when 8 < $ and strictly negative when 8 > 



PROOF. Lemma [lEfilijl gives g\8) = g{8) = M[f\ (8) for 8 < i9. 



Assume that T = max{r(/*), r(ft*)} and that $ < 00. Then Proposition 
O implies that g\d) = 8T for 8 > ■&. Similarly, n\d) = 8T(k*) for 8 > 
max{0, If T = T(k*), g^ and agree for 8 > •&. If instead, T = 

> T(k*), then, for 8 > tf, f\d) > 8T{f*) = g\8). Hence, in both 
cases, using also Lemma [LIIfi)J g\9) = Wl[f\ k\{8) for 8 > ■&. 
Assume now that T > max{r(/*), Take a such that 

max{r(/*),r(K*)} < a < F. 

Using LemmaEJii) and the definition of T(-), 9Jl[f\ K$\*(a) = £[/', K*](a) = 
00 and g* (a) < 0. Hence g and ^Ol[f\ kP\ differ somewhere and so Lemma 
lll.l](iii) implies that $ < 00. 



Since g{8) > T9 for all 8, Wi[f\ k\{8) = g{8) > T8 for 8 < •& and 8T = 
g\8) > Wl[f\ k§(0) for 8 > tf. It remains to show these inequalities are 
strict. Since Tl[f\A(8)/8 is decreasing it can only equal T on an interval 
that, if non-empty, includes If the interval has a non-empty interior then, 
by convexity of *Bt[f\ k\ Wl{f\^}(9) > T8 for all 9, contradicting that 
m[f\K^\{9)/9 max{r(/*),r( K *)} <T as 9^oo. □ 

Lemma 11.3. In the set up of Lemma \11.1\ assume also that p and 
k are closed, (i) If V = max{r(/*), T{k*)} then = m[f\^. (ii) If 
T > max{r(/*),r(K*)} then g\9) = 8T when 9 > D and g\9) = Wl[f\ k\{8) 
when 9 < 

PROOF. When p and k are closed so are k\ g, g* and VJl[f\ k\. Part 
(i) now follows from Lemma lll.2;(i)| and part (ii) from Proposition 17.11 and 



Lemma lll.i tiii) □ 
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Lemma 11.4. In the set up of Lemma assume V > 

max{r(/*),r(K*)}. Then g{9) = k{9) > f\9) on (0,oo). 

(i) IfD(n) = {<f>} then ■& = <)), < f\&) = 5(1?) < 00 and g is infinite 
elsewhere. 

(ii) IfT>(n) is not a single point then, for some e > 0, g{9) = f\0) > k(9) 
on (0-e,0). 



Proof. Using the definition of g and Lemma lll.S|(ii)| 

m[f\ k] = g(0) > g\9) = T9> Wl[f\ k\ for 9 G (0, 00), 

Thus g agrees with k and strictly exceeds on (1?, 00). 

If •& = inf T>(k) < supP(«) then the closures of g and k agree everywhere, 
giving r = T(k*), which has been ruled out. Hence either T>(k) = {$} and 
k(0) < f\&), giving (i) or inf T>(k) < i9 < supV(k). Assume the latter, so 



that there is an e > such that k is finite, and continuous, on (1? — e, $) and 
so is finite and continuous on (1? — e, 00). When f^ is infinite on (—00, 1?) 
the result holds. Hence by adjusting e, we can now assume is also finite 
on (1? — e, 00). Say $ (k) = Using continuity on (i? — e,oo), Proposition 
17.11 and Lemma lll.l](iii) 



TV = g\$) = mex{fX#), k\$)} > F(k*)0 = k\&). 
A further use of continuity now gives f\6) > k\9) = k(9) on (1? — e, #) after, 



if necessary, taking e smaller. This proves (ii) in this case. 

Say now that $ (k) < 1?, which by Lemma 111. l](ii) | is the only other possi- 
bility, and adjust e so that # (k) < 1? — e. Suppose, for a contradiction, that 
there is a ip G ($ — e,i?) with k(^) = g(ip)- Take a G duty), which is non 



empty. By Lemma I7.7[t i)| K*(a) > because > but g > n and so 

Lemma [731 gives K*(a) = g*(a). However, by Lemma [77^ii)| ip < •& implies 
g*(a) < 0. Hence there is no such ip and sog = /^>Kon(t3-e,i5). □ 

Lemma 11.5. In the set-up and conditions of Proposition [27Sj suppose 
that Ki(0) > and that T(f* K ) > max{r(/^_ 1 ), Then 

f K = fSl[max.K),KK]- 

Proof. For i = 1, 2, . . . , K , let 

hi = 9Jt[max k;L kr-] 
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so that Hk = i^k- Now suppose that 

which is true, by definition, for % = K—l, Induction will be used to show 
that this holds also for i = 1, which is the required result because f\ = k\. 

Assume (jll.ip holds for i and consider j\ = 9Jt[/jLi, «i] . Using Lemmas 
IO rrTQl and [TOl there are two possibilities. One is that j\ = £W[/jLi, «$] 
everywhere, in which case, 

(11.2) /a- = max {/£_!, = 2K[/]LiM 

giving (111. II) for i — 1. Otherwise, $ (/j) < 00 and 

f L ) = | ^(/*) forfl>^(/,) 
M ^ 1 Ort[/]L 1} «S](e) for0<tf(/ 4 ) ' 

Thus CEL2J) holds for < #(/*). Also, T(/*) < r(/^) < T{f* K ), which 
implies that f* K {T{f*)) < 0. Hence, for all 0, 9T(f*) < f K {6) and so, in 
particular, when > t? (/j) 

/*(0) = <m[f},h i+1 ](9) = max{9r(f*),h i+1 (6)} = h i+1 {9). 

Thus, using this and Lemma l7.j|(iii) 

h i+1 (9) > 9T(f*) = f}{9) > m\sUA^)- 

Hence, (|11.2p also holds when 9 > $(fi). This shows that (|11.2p always 
holds when (jll.ip holds, which completes the inductive step. □ 

Lemma 11.6. In a sequential process satisfying K\(Q) > and |1.^| ), let 
tk be given by the recursion (]2.6p described in Theorem \2.3[ Then 

r(r^) = max {T(C[<, «*])}= max (r(£tn[4«j]*)i- 

Proof. Note first that for a sequential process i j is the same as i < j. 
Take /j as in Proposition 12.51 so that rj = /* = (/?) . Let T = T(tk) {= 
^(fk)) an< l $ = ^ (/#)• Since r(«;| s - ) < r(£[«*, fi^]), it would be enough to 
establish the result for F(rK-i) in the case where T = max{r(r^_i), T(k* k )}. 
Consequently, we can assume that T > max{r(r^-_i), r(tt^)}. Now, Lemma 
111.21 gives 1? < 00, and /^-(r) < implies that T9 < Jk{9) everywhere. 
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Let 

h = max{fij : j < K — 1}. 

If h is infinite on (—00, i9) then there is a J < K with Kj infinite on (—00, 
If V(k k ) = {9} then, by Lemma dL^i)| there is a J < K with > 
kk{"&)- In both these cases Lemma ["11.41 implies that = kr-] and so 

T = kk] )• Otherwise, using Lemma fl 1 .^Tii) [ there is an e > such 

that h and kk are finite and continuous on — e,i9). Now, suppose that 
h{$) > kk($), and take J < K with = Using the continuity of 

kk when finite, there is an e > such that kr{9) < nj{9) on e, #). Also, 
Lemma 111.41 implies that kr- is infinite on (1?, 00). Therefore, since Kj(9)/9 
is decreasing in 9, 

(in, r = m ^ > M afrWlW = = /rig) = r 

h * 

and so again F = r(9JT[Kj, ). 

This leaves the case where, for some e > 0, fx is finite on (1? — e, 1?] and 
< kk{"&)- Then is continuous on (1? — e,oo) for every j and thus by 
Lemma[fri = > k k (0) on (0-e,0) and f K (9) = k k (0) > h{6) 

on 0&, 00). By continuity and Lemma Ill.Slf ii)! = kk($) = Ti?. Let X be 
those j < K with /^(i?) = Ti? and let h = max{^ : j £ I}. By reducing e 

if necessary, fx = h > kk on (i? — e,i?). Let 7^ = inf 9/Cj-(i?) and take J to 
be an index giving min{7j : j E X}. Take e' > 0. Then, for some 5 > 0, for 
€ (0 - 0) and j G X, 

«}(<?) < 4W + fri " e ')(^ " #) (= ™ + ( 7i - - #)) 

- for otherwise, by convexity, (t, — e') 6 t?/c;j ($). Then, taking the max of 
these over j £ I with 5 as the minimum of those needed gives 

f K {0) = h{0) <rtf+( 7J -e')(0-tf) 

for £ ($ — 5, i?) . But r# < fa (6) everywhere. Hence 

(7j-eO(i?-0) <T(0-0) 

and so 7j < r. Therefore, for 9 

f K {9) > k\{9) > Ttf + jj(9 -$)>T9 

and for 9 > /k(9) = k>k(9) an d is strictly greater than both kj{0) and 

h * 

Thus (jll.3p holds in this case too, giving V = F(WI[kj, kk] )• □ 
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Proof of Theorem 13.31 Applying Lemma 111.61 to every sequential 
process gives the first formula for V. Fix i j. Let / = Hi, k = Kj and 
g = 9Jl[f \ k] so that r(£[/-tj®, Kj*]) = T(g*). Now, an application of Lemma 
110.11 (with C = [0, oo)) and then of (|7,ip in Proposition 17. II gives the second 
formula. □ 

12. Expected numbers. 

Theorem 12.1. Consider a sequential process with K classes, 
C\, . . . ,Ck, with corresponding PF^ eigenvalues k\, . . . , kk and in which C\ 
is primitive. Suppose that 

(12.1) P| V(Kj) £ and f] V(k,) C V i)i+1 for i = 1, . . . ,K-1. 

j<K j<i+l 

Define Ri recursively by R\ = n\ and Ri = <t[Ri-i,K*] for i = 2,...,K. 
Then 



(12.2) - log (E V Z^ [na, oo)) -> -R K (a) 

except possibly at the upper end-point of the interval on which Rk is finite. 

Proof. Suppose that m VT > for v G Ck-i and r G Ck- Then 

re-l 

e ez E u Z^(dz) = J2(™(ey)„ v rn(e)vT (m(0)— ~ l ) Ta 

r=0 

and so, by induction on the number of classes, 

ilog [ e 6z B v Z^(dz) ^m&x{Ki(9)} for 9 > 0. 
n J i 

The second part of ()12.ip ensures the off-diagonal terms have no effect; the 
first part ensures that the limit here is finite for some 9 > 0. Induction on 
the number of classes shows that Rk is the F-dual of maxj{Kj(0)}. Now, as 
in Proposition 12. 1[ large deviation theory gives (I12.2p . □ 

Although Rk is defined recursively it can be defined directly as the convex 
minorant of k J, ... , k* k . It is easy to see, by induction, that rj > Ri, so that 
r(rR-) < T(Rk). To see that R4 and really can be different, notice that the 
order of the classes matters in rj but does not in Ri . It is easy to give a two- 
type reducible example where Y{tk) < ^(Rk)- More specifically, arrange K{ 
and k\ so that (i) K*(r) = ^(r) = 0, (ii) k\{x) < ^(x) for x > T (hi) their 
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convex minorant is less than zero at T. Then in computing T(tk), these last 
two conditions do not matter, and T(rft-) = T. However they do matter in 
computing T(Rk) which will be bigger than T. Note too that, if instead of 
type 1 preceding type 2 here, type 2 preceded type 1 then r(rR-) = T(Rk) 
and this would be an exa mple of super-sp eed, as described towards the end 
of the Introduction and in Biggins |201Cj . 



13. Further lower bounds. Consider a sequential process with m VT > 
for v € Ck-i and r E C K . Once either (|2~T3jl or (I2TT1) fails for i = K-l the 
behaviour of ~E v Z T [x,oo) starts to exert an influence: the spatial spread of 
the children in the final class (of type r) born to a parent in the penultimate 
class (of type v) matters. It seems that some regularity is needed beyond 
knowledge of the interval of convergence of m VT to derive a result similar to 
Theorem 12.41 in this case. The conditions (|13.ip and (|13.2p in the next result 
are on the tails of the distribution of average numbers of type r born to a 
type v. 

Theorem 13.1. Make the same assumptions as in Theorem \2.3l define 
gi by the recursion (j2.15jl in Theorem 2.1 and assume \2.12\) holds. Let 



v G Cjc-i and r € Ck be the types for which m VT ^ and let 

tp = sup{-0 : m VT (ip) < oo} = s\xpT>K-i,K 
ij) = inf{?/> : m VT (ip) < oo} = va.iT>K-\,K- 

Assume also that 

lim -log (z^lna, oo)) = -c&_i(a) a.s.-F v . 
Finally, assume both of the following: if t2.13\) fails for i = K— 1 then 

(13.1) lim l0gE - Z - [ "'°° ) = 

x— ¥oo x 



I 



If §2~T1§ fails for i = K-l then 



(13.2) lim l°grc^[*,oo) 

oo x — 



Then 



lim — log [na, oo)) = —g® K (a) a.s.-P u 
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Note that iKawatal Il972l : Theorem 7.7.4] shows that the limsup of the 
sequences in (|13.ip and f)13.2|) must be — ip and —ip, but that these are equal 
to their liminf is a regularity condition. This theorem improves on the lower 
bound in Theorem 12. 31 in some cases, and matches the upper bound already 
obtained. It is not too hard to obtain with the machinery already established. 

Lemma 13.2. In a sequential process, let v G Ck-i, t G Ck, tp and 
ip as in Theorem \13.1\ and suppose that for u G C\, and k-convex f with 

r(/*)>-oo 

lim - log [z^[na, oo)) =-/*(«) a.s.-P v 

for a f_ r(/*). Let Xl {6) = - log 7(0 G [^,oc)) and X2 (0) = - log 7(0 G 
(— oo,ip]). Then 

liminf - log (^F^[na, oo)) > -g* (a) a.s.-F v 

for all a < T(g*), where (i) g = f^ or (ii) g = p + \2 when \13. 1\) holds, 
or (Hi) g = P + Xl when hi 3. Sty holds, or (iv) g = f*+ \i + X2 when both 
[Hl\) and flOP hold. 

Proof. Case (i) is given by Proposition 16.11 Let C = T>k~i,k- Case (iv) 
is considered, the other two are similar. Assume f\0) < oo for some 9 < ip 
and that ip < oo, otherwise this is equivalent to cases (ii) or (hi). Then 

g*(a) = sup{0a - f\a)} = sup{6a - f\a)}. 

Let 

7 = inf{ 7 / :7 / G9/ b (0), G C} 

and let 7 be the supremum over the same set: both are finite. Calculations 
like those in Lemma 17.51 show that, 



9* (a) 



±a - f\ip) a G (-00,7] 
/» _ 06(7,7) 
> V'a - f\ip) a G [7, 00) 



The number to the right of nc in generation n exceeds N n = Zy n ^ [na, 00) 
independent copies of Z T [n(c — a), 00) under P w . Let the expectation of the 
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latter be e n . Here a < c, since n(c — a) must go to infinity, but otherwise a 
may be chosen freely. When f*(a) < 0, Lemma 16.51 and ()13.ip give 

liminf-logElZ^fncoo)!^ 71 ^ 1 )] > lim inf - (log N n + log e„) 

n n n n 

>-(/-(o)+^(c-a)) 

and so, maximising over the available a, 

liminf - log E[Z^ [nc, oo)|J^ n-1 5] > sup {^o - /'(a))} - ^c. 
ra n /•(o)<0,o<c 

Since /* is closed, increasing and infinite when positive, {/*(«) < 0, a < c} 
may be replaced by {a < c}. Then using Lemmas 17.41 and 17.51 

hminfllogE^tncoo)!^- 1 )] > { f fj~^ C f ' ° " I 
n n L T L n \ -f ( c ) for c < 7 

when this is strictly positive. Similarly, but with a > c, so that n(c — a) goes 
to minus infinity, 

lim inf - log E[Z^ [nc, oo) | J 7 ^" 1 )] > lim inf - (log N n + log e n ) 

n n n n 

>-(f(a)+±(c-a)) 
provided the latter is strictly positive. Then, maximising over a > c, 

again, provided the latter is strictly positive. 
Combining these 

liminf-logE[Z(. n Hnc,oo)|J'( n - 1 )] > -g*(c) 

n n 

when this is strictly positive. Then conditional Borel-Cantelli, and continuity 
of g® complete the proof. □ 

Proof of Theorem 113.11 First apply Lemma 19.11 to determine which 
of the four possibilities in Lemma 113.21 is relevant. Now use Lemma 113.21 to 
show 

lim inf - log (i^ n) [na, oo)) > -£&_i(a) &.s.-P u , 
and then use Theorem 16.21 to complete the proof. □ 
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Spreading speeds in reducible multitype 
branching random walk 



J.D. Biggins* 
The University of Sheffield, 



Running head: Speed in multitype BRW 

Abstract 

In a deterministic spatial population model with several types of in- 
dividual Weinberger et al. [2007] noticed that it is possible for types to 



'work' cooperatively to produce a speed of spread that is faster than any 
single type could attain in on its own even when the type set is reducible. 
The model has much in common with multitype branching random walk 
and the phenomenon is explored here in this context. The basic objective, 
which is achieved, is to show that there is a speed of spread in these pro- 
cesses and to identify the speed. The speed identified usually corresponds 



to an upper bound for the speed identified by Weinberger et al. [2007], 



1 Introduction 

The process starts with a single particle located at the origin. This particle 
produces daughter particles, which are scattered in R, to give the first generation. 
These first generation particles produce their own daughter particles to give the 
second generation, and so on. As usual in branching processes, the nth generation 
particles reproduce independently of each other. People have types drawn from 

* Keywords and phrases: branching random walk, multitype, speed, anomalous spreading, 
cooperative system, reducible 
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a finite set, S, and their reproduction is defined by a point process (with an 
intensity measure that is finite on bounded sets) on S x E with a distribution 
depending on the type of the parent. Multiple points are allowed, so that in a 
family there may be several children of the same type born in the same place. 
The first component of the point process determines the distribution of that 
child's reproduction point process and the second component gives the child's 
birth position relative to the parent's. 

Let Z be the generic reproduction point process, with points {(<7j, Zj)}, and 
Z a the point process (on R) of those of type a. Let P„ and E„ be the probability 
and expectation associated with reproduction from a parent with type v e S. 
Thus, ~Ei v Z a is the intensity measure of the positions of children of type a born to 
a parent of type v at the origin. The usual Markov-chain classification ideas can 
be used to classify the types: the type-space is divided, using the relationship 'can 
have a descendant of this type', into self-communicating classes, each of which 
corresponds to an irreducible multitype branching process. Two types are in the 
same class exactly when each can have a descendant, in some generation, of the 
other. A class will be said to precede another if the first can have descendants in 
second, and then the second will be said to stem from the first. 

Let Z^ be the nth generation point process. Let Z^ be the points of 
Z^ with type a and those that are also the first in their line of descent to 
have type a. Later, exponential moment conditions on the intensity measure of 
Z will be imposed that ensure these are well-defined point processes (because the 
expected numbers in bounded sets are finite). Let J 7 *"-* be the information on all 
families with the parent in a generation up to and including n — 1. Hence Z^ 
is known when J 7 ^ is. Let B^ be the rightmost particle of type a in the nth 
generation, so that 



and let B {n> be the rightmost of these. 

When the collection of types is irreducible, so that any type can occur in 
the line of descent of any type, and there is a > such that 



B^ ] = sup{ 



z : z a point of Z^ n) } 





there is a constant T such that 



B (n) 



->■ r a.s.-P 



(1.2) 



n 



2 



when the process survives. When this holds the speed, starting in u, is T. This 



result is in Biggins [1976a: Theorem 4] and, in a more general framework where 
time is not assumed discrete, in Biggine 1 1997: §4.1]. Furthermore, with the 



obvious adjustment for periodicity, the same result holds with Ba in place of 



B^ — when the type set is aperiodic this is in Piggins| [|1976b| : Corollary V.4.1]. 
These results will also be obtained, rather briskly in some cases, as part of this 
treatment. The theory for the irreducible process also provides various formulae 
for T in terms of the reproduction process. 

For a function / let 



r(/) = sup{a : f{a) < 0}. 



;i.3) 



A function will be called an r-function (because it is a particular form of a rate 
function in the large deviations' sense) if it is increasing and convex, takes a 
value in (— oo, 0), is continuous from the left and is infinite when strictly positive. 
The approach to (|1.2|) used in pigginsj [|1997| : §4.1], and for the one- type case in 
Biggins| [p. 97711 , is, in essence, to show that there is an r-function, r, which does 
not depend on a, such that 



- log (Zi n) [na, oo)) -r(a) a.s.-P„, 
n 



:i-4) 



for all a ^ T(r). This limit result concerns the numbers in an interval, which 
is integer-valued and so decays geometrically by being ultimately zero. This 
explains why r must be infinite when strictly positive. When (|1.4j ) holds, it is 
immediate that 

b { : ] 



->■ T(r) a.s.-P„ 



n 



where, by left-continuity of r, r(T(r)) < 0. There are also results, complementary 
to ( |1.4| ), about the probability of extreme positions occurring when these are 
unlikely, that is with probabilities that are exponentially small in the generation 
n; see |Rouault| [ 1987|| and Rouault [ 1993 ]. Results of this kind will also be relevant 
in this study. 

The question here is what happens when the set of types is reducible. The 
stimulus for considering this was Weinberger et all [[200711 , where a deterministic 
version of the problem is discussed. Obviously, ( |1.2|) can no longer be expected 
to hold with the same V for every starting type. The essence of the issues that 
arise can be indicated through the reducible two-type case. Suppose type a can 
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give rise to both type a and type 6 particles but type 6 give rise only to type 
b. Types a or b considered alone form a one-type branching random walk with 
speed r a or r&, respectively By arrangement, the speed of those of type a must 
be r a . At first sight, it seems plausible that, when T a > r&, both types spread 
at speed T a , driven by the type a particles, and that otherwise, when T a < T b , 
the two types move at their own speeds. This plausible conjecture can be false. 
In their context [Weinberger et al.] ||2007|| show that, in the presence of type a, 
the type b speed can be faster than max{r a ,rb}, though they do not identify 
this 'super-speed', which they call an 'anomalous spreading speed'. (They also 
call such a system 'cooperative' because increasing the numbers of either type 
can never cause a decline in the numbers of the other.) The relevance of the 
phenomenon in a biological example is explored in Weinberger et al.' p007| : §5]. 

In the branching context, the fundamental reason for this 'super-speed' 
phenomenon is that the speed of spread is caused by the interplay between the 
exponential growth of the population size and the exponential decay of the tail 
of the dispersal distribution. It is possible for the growth in numbers of type 
a, through the numbers of type b they produce, to increase the speed of type b 
from that of a population without type a. When the type a dispersal distribution 
has comparatively light tails that speed can exceed also that of type a. In this 
cartoon version, to get 'super-speed' we need the population of as to grow quickly 
but the bs to have more chance of dispersing a long way. This also indicates a 
complication. There are two possible sources for a comparatively heavy-tailed 
distribution of the 6s. It could be that the as, in producing children of type 6, 
disperse them widely, or it could be that type bs in producing 6s produce more 
spread than type as producing as. Either effect can influence the speed of the 6s. 

In the general case the two types are replaced by classes and there may 
also be intermediate classes, which stem from the first and precede the final one. 
The proof will draw on the intuition provided by the two type example, and will 
provide a formula for the speed. That result will be approached, as suggested 
above, through the asymptotics of the numbers to the right of na. The main 
results will be stated and their features drawn out, in the next two sections, 
as further necessary notation is established. The subsequent nine sections work 
through the proofs of the results stated in Sections and |3]. The final section 
gives illustrate examples — it depends on the notation in Sections || and || but 
on no later sections. 
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2 The main results 



Let m(—9) be the non-negative matrix of the Laplace transforms of the intensity 
measures E v Z a : 



(m(9)\ 



e 6z E v Z a (dz) = E„ 



e ez Z a (dz) 



Then it is well known, and verified by induction, that the powers of the matrix 
m provide the transforms of the intensity measures E^Z^: 



E, 



9z Zi n \dz) 



J e Qz E v Zf\dz) = (m(ey 



(2.5) 



Write the transpose of m in the canonical form of a non-negative matrix, 
described in pencta [ 1973 , 1981 : §1.2]. This amounts to ordering the rows, and 
the labels on the classes, so that when one class stems from another it is also later 
in the ordering. Then there are irreducible or primitive blocks, one for each class, 
down the diagonal and all other non-zero entries in m are above this diagonal 
structure. Having done this, call the first class, Ci, the second C2 up to the 
final one Ck- Note that the intermediate classes need not be totally ordered by 
'descends from', so the ordering of the intermediate classes need not be unique. 

Any irreducible matrix has a ' Perron- Frobenius' eigenvalue (which is pos- 
itive, is largest in modulus and has corresponding left and right eigenvectors that 
are strictly positive) — see |Seneta| ||1973| , |1981|[ or [Lancaster and Tismenetsky 
|p.985|| . For 9 > 0, let exp(/«j(0)) be the 'Perron- Frobenius' eigenvalue of the ith 
block, which is infinite when any entry is infinite. Let Ki(9) = 00 for 9 < — this 
is just a device to simplify the formulation, since the development concerns only 
the right tails of the measures — left tails and the consideration of the left-most 
particle is just the mirror image. Call «j the PF + eigenvalue of the corresponding 
matrix, which is not necessarily its 'Perron-Frobenius' eigenvalue for arguments 
that are strictly negative. As Laplace transforms, the logarithm of the non-zero 
entries in m are convex. Then k« is convex — see Lemma 14.41 below. 



Without loss of generality, assume that the initial type, u, is in the first 
class, Ci, and that the speed is sought for a type, a, in the final class, Ck- Assume 
also, again without loss, that every other class stems from the first and precedes 
the last. 
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The first result, which is elementary, reduces the general case to a finite set 
of simpler ones. Consider a E C K . Each particle of type a born can be labelled 
by the classes that arise in its ancestry, tracing back to the initial ancestor in 
C\. Only a finite number of such labels are possible. Then the number of type 
a in a general process will be the sum of the numbers in each embedded process 
that starts with the first class and finishes with the last and involves a particular 
trajectory through the classes. Thus, for example, the branching process arising 
from 

/ rn u m 12 m 13 m u \ 
m 22 m 24 
m 33 m 34 
\ m 44 / 

contains exactly three such embedded processes, arising from 



m 



m 44 



/ rnu rnu 

m 22 m 2 A 
\ m 44 y 



and 



\ 



/ mu ™>i3 

m 33 m 34 
\ m 44 y 



and each particle in the final class arises from one of these three processes. This 
idea, that the process can be decomposed based on a genealogy of types, can 
be taken further. It can be used to specify which particular pair of types link 
successive classes. Thus, in the example, each non-zero entry in m 14 provides a 
different genealogical type in the first of the three embedded process, decomposing 
it further. Similarly, using each pair of non-zero entries, one drawn from m\ 2 and 
the other from m 2 4, provides a decomposition of the second embedded process. 

Call a branching process sequential when each class has children only in 
its own class and the next one and there is exactly one pair of types linking 
successive classes. It makes sense to replace a G Ck by (a, £) to indicate those of 
type a arising from the t th sequential process, where I is a label for the genealogy 
of types (that is, which classes occur in the ancestry and which pairs of types 
link classes in the ancestry). Then, by definition, 



zW[na,<») = 5>i?]K°°), 



which is the sum of a finite number of terms. The first two theorems follow easily 
from this observation and the continuity of r-functions when finite. 
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Theorem 2.1. For each genealogy of types, £, suppose that there is an r-function, 
r£, such that 

-log (z%\ [na, oo)) -> -r*(a) a.s.-Pv (2.6) 
/or a// a 7^ T(r^). T/ien 

— log (Z^ [na, 00)) — r(a) = — min{r£(a)} a.s.-P^ 

n < 

/or a// a 7^ T(r) and 

»(«) 

— -> r(r) a.s.-P„. 
n 

Theorem 2.2. For eac/i genealogy of types, I, suppose that 



B *4 



in) 

T e a.s.-P„. (2.7) 



n 

Then n~ 1 B^ — > max^T^ a.s.-V u . 

Note that the minimum of convex functions need not be convex, and so 
the overall r in Theorem |2.1| need not be convex, but it will share in the other 



properties of an r-function. Now the focus is on establishing ( j2.6|) for sequential 
processes. There are two parts to this: showing that a suitable function forms 
a lower bound and that it also forms an upper bound. As might be anticipated 
from the role of ( pL . 1|) in the irreducible case, conditions on the fmiteness of the 
entries in m are needed. For the simplest lower bound these conditions will 
only concern the entries in the irreducible blocks of m, but for the upper bound, 
the 'off-diagonal' entries have to be controlled too. When these bounds agree 
nothing more is needed. When they do not, lower bounds that take account of 
the off-diagonal entries become relevant. 

Let $(/) be the set where / is finite, so that 

$(/) = {6 : f(0) < 00}. 

Thus in the irreducible case (|1 . 1| ) is equivalent to $(/«)n(0, 00) 7^ 0. Furthermore, 
since each Ki is convex, must be an interval in [0, 00). As will be seen from 

the examples in § |13| any interval is possible, including all possibilities for the 
inclusion of end-points, as is a single point. For any two classes and Cj let 

®ij = H { $ ( m ^) : v G C " v G C v m ",v > 0} , 
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which is the set where all of the entries in m linking d to Cj are finite. In 
sequential processes these sets are either empty or are $(m„ )T ) for the v and r 
linking the successive classes. For any set of reals A let A + be all values either 
in A or greater than those in A. Thus, $ + (/) has the form [(p, oo) or (ip,oo), 
depending on whether f(f) is finite or not. 

Several transformations of functions will be needed. The first is a version 
of the Fenchel dual (F-dual) of /, given by the convex function 

r(x)=su V {6x-f(6)}. (2.8) 
e 

The second is sweeping strictly positive values to infinity: let 

/» = 



f(a) when f(a) < 
oo when f(a) > 



It will be useful to have a notation combining these, that is for taking the F-dual 
and then sweeping positive values to infinity: let /* = (/*)°. A notation for the 
convex minorant is also needed. For any two functions / and g, let (£[/, g] be 
the greatest lower semi-continuous convex function beneath both of them. The 
restriction to lower semi-continuous functions only affects values at the end-points 
of the set on which a convex function is finite. 

The next two Theorems cover cases where the off-diagonal entries in m 
do not influence the details of the results. The first gives a lower bound on the 
numbers, the second complements it by giving conditions for the lower bound 
to be also an upper bound. The Corollary, which gives simpler conditions for 
the upper bound, is an immediate consequence. When both theorems hold, each 
sequential process traversing the same set of classes behaves in the same way: 



the particular pairs of types linking classes do not matter. Theorem |27| will be 
obtained as a by-product of the studying the general cases, where the off-diagonal 
entries have more influence, described in §[3[ 

Theorem 2.3. Consider a sequential process with K classes, Ci, . . . ,Ck, with 
corresponding PF^ eigenvalues k±, . . . , Kk and in which C\, considered alone, is 
primitive, supercritical and survives with probability one. Assume that there are 
<pi with 

< <pi < 4>2 < ■ ■ ■ < 4>k and 4>i e (2.9) 
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Define recursively: T\ = k\; rj = C[r{-i, for i = 2, . . . , K . Then for v E C\, 
a G Ck and a ^ r(r^) 

liminf-log(Z( n Woo)) > -r K (a) a.s.-P u , (2.10) 

n 

liminf — ^— > T(r K ) = sup{a : r K (a) < 0} a.s.-P^ ( 2 -ll) 

n n 

and Tk is an r-function. 

Theorem 2.4. In the set up of Theorem \2.3j , with ([2.Q) holding, suppose, in 
addition, for each i = 2, . . . , K , 

p| j n$(0 c (2.12) 

Vi<i-i / 
TTjen 

- log (zW[no, oo)) ->• -r*(a) a.s.-P„, (2.13) 

n 

for a 7^ T(r^), and 

»(») 

->r(r*). a.s.-P„. (2.14) 



Corollary 2.5. TTie notation and set-up is as in Theorem \2.3j . Either of the 
following conditions imply that ( 2.12j) holds, (i) For i = 2, . . . , K, $ + (Kj_i) n 



C (ii) The intersection of [0, oo) with the domain of finiteness of 

every non-zero entry in m is the same. 

In the recursive definition of r« it would be possible to start with ro = oo, 
for then t\ = arises automatically. However, the inductive proof will start by 
showing that the result holds with r\ given by k\ when K = 1, making the current 



arrangement more natural. An alternative recursion for rj is in Proposition 3.3 



and an alternative formula for T(tk) is in Proposition 



It is probably worth being explicit about some of the assumptions that 



are not made in Theorem |2.3| and the other main theorems. Firstly, the point 
processes Z are not constrained to have only a finite number of points. The 
condition ( |2.9| ) does mean that there are only a finite number of points in any 
finite interval, but it does not prevent intervals of the form (— oo, a] from having 
an infinite number of points. Secondly, classes after the first one do not have to 
be supercritical. Thirdly, classes after the first one do not have to be primitive. 
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Fourthly, it is not assumed that the dispersal in a class is 'non-degenerate', so K{ 
could be linear in 9 when finite. 

It is now possible to comment further on the question that triggered this 
study, the occurrence of 'super-speed'. For simplicity, assume K = 2. Then 
r 2 = £[k*, K2). Suppose that r2(T) = 0, so that T = r(r 2 ) is the speed, and that 
r 2 is strictly below both k\ and at T — in which case it is necessarily linear 
around T. (Typically, this linear portion will be joining (a, «®(a)) to (6, k 2 (&)) 
for suitable a and b, with a < b, «*(a) < and K* 2 (b) > 0.) Then k*(T) > 
and > and so T will be strictly above both r(«J) and T(k£), giving a 

'super-speed'. Otherwise, T is just the maximum of T(k') and T^). 

The condition ( |2.9|) ensures that the set on the left in ( | . 1 2[ ) contains <pi, 
and so is not empty. Note that (|2.9| ) and ( |2.12| ) and the alternative conditions 



in Corollary |2.5| just involve comparing the domains of finiteness of the entries in 
m. Hence all of these are easily applied in the general (non-sequential) case. 

Obviously Theorem |2.1| can be applied when (|2.13|) holds for every sequen- 
tial process to get the overall speed. This overall speed is not quite as difficult 
to calculate as the route to the result might suggest, as the next result shows. 
Essentially, it is enough to look at each pair of classes where one precedes the 
other, compute the speed as though these were the only classes present, and then 



maximise over all such pairs. This shows that when ( [2.131 ) holds the two-type 



illustration given in the introduction is archetypal — there is no possibility of ad- 
ditional cooperation from three or more classes that cannot be exhibited with just 
two. In the general (i.e. not necessarily sequential) case, write i^4j when types 
in class i can have (not necessarily immediate) descendants with types in class j. 
The result also contains another, simpler, formula for the speed associated with 
a pair of classes. 



Theorem 2.6. Suppose that ( 2. 14) holds for every sequential process, with tk 



given by the recursion described in Theorem Let Y be the maximum speed 



obtained as in Theorem |TJ. Then 

r = max{r(£k®,/s*l)} = max inf max/^M,^^ 



The discussion in |Weinberger et al] ||2007|| considered the discrete-time 



recursion u( ra+1 ) = Q (u( n )) , where the vector-valued function gives the pop- 
ulation density of K species (here, types) at x G R at time n. In that theory, the 
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linearisation of Q at the zero vector plays a central role and corresponds directly 
to the matrix of measures \i introduced here. Both there and here formulae for 
speeds are derived from the matrix of transforms m. Indeed, if Q is defined by 



then, when u 



(°), 



x) 



Q{u{x)) l 
= V u (B m 



1 — E„ 



1 



n 



> X) 



P u (B {n) > x) 



as is well-known and easily checked by induction. Note that the index v of the 
vector u^ n ' is now interpreted as the starting state, not as the 'final' state, as in 
Weinberger et all |[2007|| . However, this makes no formal difference. Speed in the 
deterministic theory corresponds to convergence of Br /n in probability. The 
results here go further: they deal with B& rather than B^ and gives almost 



sure convergence. In the light of the results discussed in pigginsj ||1997|| it should 
not be too hard to extend the treatment to cover also continuous-time processes, 
but that is not done here. 



3 More general results 

There are a few facts about convex functions and F-duals that set the scene for 
the results in this section. A convex function is called proper when it is finite 
somewhere. A proper convex function is called closed when it is lower semi- 
continuous — sec Rockafcllar [ 1970| : §7,p52] for a full discussion — for a convex 



function on R that is finite on a non-empty interval this is the same as demanding 
continuity from within at the endpoints of its domain of finiteness. The closure 
/ of the proper convex function / on R is obtained by adjusting the values of / 
at these endpoints to make it closed. Thus / < /. By definition, an r-function is 
proper and closed. Let 3R[f,g](8) = max.{f(0),g(9)}. 

Lemma 3.1. (i) When f is convex, f* is a closed convex function, as is f* 
provided it is finite somewhere, and (/*)* = /. (ii) If f and g are convex functions 
then so is VJl[f,g] and, provided DJl[f , g] is finite somewhere, 9Jl[f, g)* = C[f*,g*). 



Proof. The first part is all contained in |RockafelTai| ||1970| : Theorem 12.2], except 



for the claim about /*, which follows easily. The first part of (ii) follows directly 
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from the definitions and the second is in 



Rockafellar 



^9701 



Theorems 9.4, 16.5]. 

□ 



To explain the results, one further transformation is needed. As can be 
seen from Theorem |2.4| with K — 1, the critical function when looking at numbers 



is k\. This means that the shape of K\ only matters up to a certain point, and 
after that its details become irrelevant, for they only influence k* at positive 
values. In order to focus on the right class of functions, call / convex^" if it is 
convex, finite for some 9 > and infinite for all 9 < 0. The pointwise supremum 
of a collection of convex functions is convex, and that of a collection of monotone 
functions is monotone. Hence, for convex^ /, it makes sense to define p to be the 
maximal convex function such that p < / and f\9)/9 is monotone decreasing 
in 9 G (0,oo). This function will be identically minus infinity is there are no 
functions satisfying the constraints. 

The relevance of p lies in its simple connection with /". For convex"'"/ it 
turns out that /* = (/^ = (ft)* and that ft and (/*)* can only be different at 
ip = inf $(/) where the former is f{ip) and the latter is f(ip). As a consequence 
of this a characterisation of ft and its relationship with / can be given. For this 
characterisation and in the development of the later results, an essential role is 
played by $ (/) given by 

$(f) = sup{9:f(9) = ft(9)} 1 

where it is possible that $ (/) = oo. The next result describes the structure of ft 
and shows d (/) is closely connected to r(/*). The formula r(/*) = mi{f{9)/9 : 
9 > 0} included here is the one used for the speed in the irreducible blocks in 
Weinberger et al] ||2007 . 



Proposition 3.2. Suppose f is convex^. Let T = T(f*), $ = $ (f) and ip 
inf$(/). Then 

f\9) = f{9)for9<{}. 



When $ < oo, 
and if $ = ip 



f\9) =9T < f(6) for9>d 

f\&) = /(#) > 7(0) = tfr 
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whilst if -d > ip 
Furthermore 

r=M m =blS m (3 . 15 ) 

e>o 9 e>o 9 

and T = (where this is the limit as 9 \ oo when d = oo) when f is lower 

semi- continuous at 



It is worth mentioning that, although this Proposition admits other possi- 
bilities, in the main results here /(i?) and f(d) will only be different when one of 
them is infinite. With this notation, an alternative recursion for the r-functions 



in Theorem 2.3 



Proposition 3.3. Let f\ = k x and = Wt[fi_ v /*]. Then (f})* = f? 
SPt[/j_i,«i] = Ti. When holds, /j is closed and convex*, 



j<i 



and — oo < rj for each i. 



The focus remains on a sequential process, with classes for i = 1, 2, . . . , K. 
The next result is an upper bound which does not need the extra condition (|2.12 ), 



which figures in Theorem 2.4, on the off-diagonal elements in m. 



Theorem 3.4. Make the same assumptions as in Theorem Fori = 2, . . . , K 
let Xi(9) = for 9 G 3>i-i,j and Xi{9) = 00 otherwise. Define, g\ = K\ and for 
i = 2, . . . , K define 

9i = 3Jt[(^5_i+Xi)" 5 «*]■ 

Then 

limsup — log (Zj^[na, oo)) < —gjc( a ) a.s.-P v 



and 

K>{n) 

T <T(g* K ) a.8.-T v . (3.16) 



n 



This upper bound is vacuous if gx is identically infinity. Conditions for it 
to provide real information are provided next. 



13 



Proposition 3.5. In Theorem \3.$ , qk is finite somewhere on (0, oo) if and only 
if there are {(pi} and {0^+1} with 



4>i e e $ M+ i andO <(pi< 4>i !i+1 < <f> i+1 fori = 1,2, ...,K-1 

(3.17) 

When this holds 



[<f> K , 00) C = 
and gr^ zs continuous on $>(g\r). 



n n f n *t, + ) 

j<K / \j<X-l / 



Of course when the bound in Theorem |3.4| is not in fact new it will already 



be complemented by Theorem |2.3j . The next result, which is immediate, captures 
this, while the Proposition following it makes explicit that Theorem [2.4| is a special 
case. Then Theorem ^]8| goes on to give more general conditions. 

Corollary 3.6. Make the same assumptions as in Theorem \2. 5| but replace ( \B.9{) 
by $m) . Then $J3J holds if g* K = f* K and $J\) holds ifV(f* K ) = T{g* K ). 



Proposition 3.7. When flU\) and ( \2JJ\) hold g* K = f* K . 

Theorem 3.8. For a sequential process satisfying $.11 ), let fi and gi be as 



inf$ M+ i and ^ = sup$ M+1 . 

(3.18) 



in Proposition \3.3\ and Theorem \3.$ . Let if) . 
Suppose 

# (ft < A or K i+1 (9) > 9(fBi)/A) for 9 G [^, oo 
and 

$+(/,) n $(«<+!) C [±.,oo), (3.19) 

both hold for i = 1, 2, . . . , K — 1. Then g\ = f\, except possibly at inf 
when g\ is infinite there, and g* K = f^. 

Of course it is possible that T(g* K ) = T(f^) even though g* K and do not 
agree everywhere. The next proposition, which gives an alternative formula for 
g* K and hence for Y(g* K ), is important to investigate this possibility and to prove 



Theorem |2l| When applied to T(f^) the formula here is the same one that is 
used as the upper bound on the speed in |Weinberger et aE| | |2007| : Proposition 
4.1]. Conditions for Y(g* K ) = T(f^) are then recorded in the result following it. 
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Proposition 3.9. For a sequential process, let fi and gi be as in Proposition \3. S 
and Theorem 3.4 , and let $0,1 — (0, 00) = ^k.k+i- Then, for < Qk G ®k-i k> 



= inf | mfX {^} : ft < ft < . . . < ftc, ft e *£ M , ft < ft 
and it is infinity for < 9k ^ "^a'-i a" Furthermore, 



(3.20) 







[max< 






1 ft i 



r(<&) = inf I max : ft < 2 < ■ ■ ■ < 9 K , ft G $.£ M , ft < ^| ■ 

(3.21) 

These formulae hold also for f K on setting $^+1 = (—00, 00) and ip i = 00 /or 
eac/i z. 



Proposition 3.10. Assume ( \3.11\) holds. In {\3.2Q) and ( \3. 21\ ) the conditions 



l 9i < ipi ' can be dropped if ( 3.1$ ) holds for i = 1, 2, . . . , K — 1. T/ie conditions 



% G $f_ lti ' can be dropped in ( \3.20j ) if d > V> . for i = 1, . . . , K - 2 and 

from ( 3.21\) if this holds for also for i = K — 1 . When both sets of conditions in 
( \3~2l\ ) can be dropped T{g* K ) = T(f K ). 



Theorem |3.4j also raises the question of whether this upper bound, when 
actually new, can be matched by a corresponding lower bound. Once either 
(|3.18|) or (|3.19|) fails for i — K — 1 the behaviour of E* v Z T [x, 00) starts to exert 
an influence: the spatial spread of the children in the final class (of type r) born 
to a parent in the penultimate class (of type v) matters. It seems that some 
regularity is needed beyond knowledge of the interval of convergence of m V T to 
derive a result similar to Theorem 2A in this case. The conditions ( p. 22 ) and 
( |3.23 ) in the next result are on the tails of the distribution of average numbers 
of type t born to a type v. 

Theorem 3.11. Make the same assumptions as in Theorem ]2. 4" define gi as in 



Theorem and assume (\3. 1 !\ ) holds. Let v G Ck-i and r G Ck be such that 
m„ jT 7^ and let 

ip = sup{V> : m V)T (ip) < 00} = sup $ K -1,K 
ip = mi{ip : m V)T (ip) < 00} = inf $a-i,a- 

Assume also that 



lim — log (Z^lna, 00)) = — g K _i(a) a.s.-P^ 
n 
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If (\3. 18^ fails for i = K — 1 assume that 

log ~Ei v Z T [x, oo) 



lim 



x 



If ([3.1Q) fails for i = K — 1 assume that 



Htti log Fj v Z t [x, oo) _ _^ 



Then 



lim — log (Z^[na, oo)) = — g^ K {a) a.s.-P v 



(3.22) 



(3.23) 



Note that |Kawata| ||1972| : Theorem 7.7.4] shows that the lim sup of the 
sequences in (|3.22| ) and ( |3.23|) must be — ip and — ip, but that these are equal to 
their liminf is a regularity condition. 



4 Preliminaries 

The section collects together various preliminary results, drawing heavily on other 
sources. The first gives a few properties of the F-dual. Further results on con- 
vexity that are more particular to this study will be given in later sections. 

Lemma 4.1. When f is convex^ (convex, finite for some 9 > and infinite for 
all 9 < 0): 

(i) f*(a) > — oo for all a; 

(ii) f*(a) — > oo as a | oo. 
(Hi) f* is increasing; 

(iv) f*(a) < oo for some a; 
(v) f*(a) -+/(0) as a I -oo;. 



Proof. When /(</>) < oo, f*(a) > <pa — /(</>) > — oo giving [T]|, and, since > 



letting a f oo gives [nj]. Furthermore, because f{9) = oo for 9 < 0, 

/* (a) = sup{#a - /(0)} = sup{#a - /(0)} < sup{0a' - f(0)} 

e 8>0 8>0 

when a' > a, so /* is increasing in a. Since / is finite and convex there must be 
finite A and B such that f(9) > A9-B for all 9 and then f*(A) < B, giving 



iv 



Part |(v)| follows from Lemma |3TT| (i) and [Rockafellar| |1970| : Theorem 27.1(a)]. □ 
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The subdifferential of a convex / at 0, <9/(0), is defined as the set of slopes 
of possible tangents to / at 0. More formally, 



df(cf>) = {a:f(e)>f(4>) + a(9-4>) W9}. 



The set is empty when / is infinite at or has a one-sided derivative at that is 
infinite in modulus, it contains a single value at points where / is differentiable, 
and it is a non-degenerate closed interval in all other cases - K.ockalcllar 1 1 9 7U : 
Theorems 23.3, 23.4]. Then inf df(4>) is the left point of this interval, and is the 
derivative of / from the left there. 

Lemma 4.2. Suppose f is proper and convex. 

(i) If f is finite in a neighbourhood of <fi then df(<p) = df(4>) and is certainly 
non-empty. 

(ii) The following are equivalent: 7 G df(<p); 07 — /(0) = /*(7) (= sup{6*7 — 

W) ■<>})■ 

(Hi) If f ((f)) = /(0) the statements in are also equivalent to: G df*(j); 
and, /(0) = sup{a0 - f*(a) : a} = 7 - /*( 7 ). 



Rockafcllar 


1970 


Hockafeilar 


19701 



23.5]. 



□ 



Lemma 4.3. Let h be convex*, h(0) > and h(<f)) < 00. Suppose g is convex, 
9 > h, (7(0) = h(4>) and 7 G dh((f>). Then 
(i) 7 G dg((j>) and g*(<y) = h*(-y); 

(ii) if h(9) = g(9) for all 9 < then g*(a) = h*(a) for all a < 7; 

(Hi) if, in addition, g{9) = 00 for 9 > theng*(a) = h*(j)— 0(7— a) = 0a— h(4>) 
for a > 7. 

Proof. Since o(0) = h(4>) and g > h, 

dh((f)) = {a : h{9) > h{<j>) + a(0 - 9) W} 

C {a:g(9)>g(<f>) + a(<f)-9)\/9} = dg( ( f>). 



Thus 7 G dh(4>) implies 7 G dg((f>), and then Lemma |4.2|(ii)| gives 
h*(j) = sup{^ 7 - h(9)} = 07 - h(<P) = 07 - g{<t>) = sup{£ 7 - 9(0)} = g*(l). 
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This proves [(TJ For any 

9a-h{9) = 7 - h{9) - 0( 7 - a) 
< 07 - h((p) - 0(7 - a) 
= <pa — h((p) — {9 — cp)(j — a), 

and so, when (9 — <p){y — a) > 0, 0a — /i(0) < <pa — h(<f>). Hence, for a < 7 

/i*(a) = sup{0a - h(9)} = sup{0a - /i(0)} 

e e<<f> 

and this holds also for g, giving |(ii)[ Also, for a > 7, 

sup{0a — h(9)} = (pa — h((p) = cpj — h((p) — <p(j — a) = h*(y) — (p(y — a) 

9<<t> 

and when g{9) = 00 for > (p the first expression here is g*{a). 



□ 



The next result gives properties of a k arising from an irreducible m. It is 
worth stressing that part |(iii)| includes claims about one-sided derivatives at the 
end-points of 

Lemma 4.4. Suppose k is the PF^ eigenvalue of an irreducible m and that (\L. J\) 
holds. 

(i) is a (possibly degenerate) interval containing the <p in 

(ii) k is convex^. 

(Hi) k is continuous on the closure o/$(k) ; differentiable on $(k) and analytic 
on its interior. 

(iv) k is closed. 



Proof. Clearly (|1 . 1|) implies that m((p) < 00. For convexity, see |Kingman| ||1961 



|Millcr| |1961| and [Seneta| | |1973| : Theorem 3.7]. Part |(ii)| follows immediately from 
this and ( [TTJ ). For analyticity on the interior, which is a straightforward applica- 
tion of the implicit function theorem, sec [Miller [1961: Theorem 1(a)], [Lancaster 
and Tismenetsky] ||1985|: Theorem 11.5.1] or [Biggins and Kahimzadch Sani| ||2005 



Theorem l(i)]. Each entry in m is continuous on the closure of the set where it is 
finite and so the same must be true of k. Hence, when k is finite at the end-point 
of the interval on which it is finite, [Rockafellar] [|1970[ Theorem 24.1] implies that 
the derivative extends continuously to this end-point, where the derivative at the 
end-point is the one-sided one from within the interval. Part 
from this and part |7j. 



iv 



follows directly 
□ 
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Estimating powers of a non-negative matrix will be important. The next 
result is easily deduced from |Seneta| ||1973| , |1981| : Theorems 1.1, 1.5]. 



Lemma 4.5. Let M be an irreducible matrix with all its entries finite and non- 
negative. Then M has a 'Perron-Frobenius ' eigenvalue (which is positive, and of 
largest modulus) e p , and there is a finite C that is independent of n such that 



max [M n ) ua < Ce np 

and for primitive M 

Uog{M n ) va ^p. 

In establishing the lower bound, relevant variables will often be approx- 
imated from below by Binomial ones (on an exponentially growing number of 
trials). It is a simple matter to approximate these by their expectation. The 
next lemma records more than enough for the crude approximations used here. 

Lemma 4.6. Let Y n be Binomial on N n trials with success probability p n . Suppose 

Pr, 



< oo. 



N n p r , 

Then log(Y^) — \og(N n p n ) — > as n — > oo almost surely. 
Proof. For e > 0, Chebychev's inequality gives 

P(\Y -EY\> eEY ) < N ™Pn{l-Pn) 1 ~ Pn 

and so Borel-Cantelli gives that Y n /(N n p n ) = Y n /EY n — > 1. □ 



5 The irreducible case 

In this section there is a single class and the matrix m is primitive up to the final 
result in the section, where periodic m are considered. Though rather simple, 
that extension to periodic m is important in establishing the main result. Most 
results in this section are not novel, though formally some may be new. 

Lemma 5.1. Suppose that there is just one class of types, that holds, that 
the matrix m is primitive with PF+ eigenvalue k, and that the branching process 
is supercritical. Then is an r-function. 
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Proof. Lemma [O] gives that k is convex''' and closed. Also, n(0) > because 
the process is supercritical. Hence, using Lemma 4.1 , n* is increasing, less than 
zero somewhere, and convex. Thus k* is a proper convex function that is strictly 
negative somewhere, left-continuous and infinite when strictly positive and so is 
an r-f unction. □ 

Proposition 5.2. Suppose that there is just one class of types, that ( \1 . 1\ ) holds 
and that the matrix m is primitive with PF 4 " eigenvalue k. Then 

limsup^log^y e ex Z^\dx)^j < k{9) a.s.-F u . 
Proof. Using (p75|), 

-log / e 9z KZi n \dz) = -\og(m(e) n ) U(T . 
n J n 

Lemma |4.5| implies that 

limsup i log (^j e ex E v Zf\dx)\ < k{6) a.s.-Pv 



and so for any e > and then large enough n 



E v Je 0x zi n \dx) 



< exp(— ne). 



exp(n(/<0) + 2e)) 

This has a finite sum over n, giving the result. □ 
Proposition 5.3. Under the conditions of Proposition \5.£\ , for all a, v, and a, 



limsup - log (E u Zl n) [na, oo)) < -K*(a), 
n n 

lim sup — log (F^B^ > no)) < min{-K*(a),0} 

n n 

and 

limsup — log (Z^lna, oo)) < — ft® (a) a.s.-T u . 

n n 

Proof. For 6 > 0, 

e ena E u Z^[na, oo) < [ e 6z E v Zf\dz) = (m(6) n ) u 
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so that 

log (E u Z^ n) [na, oo)) < -n6a + log ((m(9) n ) l 
Hence, for 9 > 0, using Lemma |4.5|, 



limsup - log (E u Zl n) [na, oo)) < -(9a - k(0)). 

n H 

Since k is defined to be infinite for 9 < this holds for all 9 and so minimising 
the right hand side over 9 gives the first bound. Since 

E U (B^ } > na) = EJ(B { a n) > na) < E v Z^[na, oo), 

the second follows directly from this. Turning to the third, since 

e«"^W)</e»«), 



Proposition 5.2, gives 



limsup- log (Zl n) [na, oo)) < -(9a - k(9)) a.s. P^. 

and minimising over 9 gives the third bound, with k* in place of k®. However, 
Z^\na, oo) is integer valued and so can only decay geometrically by being zero 
for all large n, which implies k* can be replaced by k®. □ 



The upper bounds described in Proposition 5^3 are (nearly always) exact. 
To deal with the possible exception, let U be the upper end-point of the interval 
on which k* is finite. The first result concerns the expected numbers to the right 
of na. 

Proposition 5.4. Under the conditions of Proposition \5. for a^U 

- log (E U Z ( ^ [na, oo)) -K*(a) (5.24) 
n 

and 

sup -log (E a Zl n) [na,oo)) = -K*(a). 



Proof. The first result is (asserted) in Pigginsj ||1 997| : §4.1]. It is just a straight- 



forward application of suitable large deviation theory based on 

-log / e 6z E v Zf\dz) = -hg(m(9) n ) ua -> k(9) for 9 > 0, 
n J n 
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which holds by Lemma [4.5| — see |Biggins| ||1995| : §7] for a little more detail 
on the method. For the second part, note that a n = ~E a z!^ [na, oo) is super- 
multiplicative (a n+m > a n a m ) and so standard theory of subadditive sequences 
gives that the supremum agrees with the limit, and the latter has already been 
identified. □ 

The next result concerns the decay of the probability of a particle appear- 
ing to the right of na. For the one-type process |Kouault| | ]1987| ] gives a result 



similar to the next one under extra conditions and [Rouault| ||1993| : Theorem 2.1] 
gives a much sharper one. 



Proposition 5.5. Under the conditions of Proposition \5.%{ for a ^ U, 

- log (PJBW > na)) ->• mini — k* (a) , 0}. 

n 

Proof. Take b with b ^ U and K*(b) > 0. Take e > 0. Then, using Proposition 
573, there is an r such that 



K 



'(b) > - log (E a Zl r) [rb, oo)) > -«*(&) - e. (5.25) 



Starting from an initial ancestor of type a, regard as its children all its 
descendants r generations later of type a and displaced at least rb from the 
initial particle's position. Identify 'children' of these children in the same way, 
and so on. The resulting process is a (one-type) Galton- Watson process with 
mean ~E a Za[rb, oo). This process is subcritical, because exp(— rn*(b)) < 1. Let 
iV( n ) be the number in its nth generation. Then, by arrangement, when the initial 
ancestor is of type a, 

N (n) < zl nr) [nrb, oo) 



so that, using |Xsmussen and Hering] [|1983| : Theorem III. 1.6] to estimate P (N^ n ' > 0) , 



— log (P CT (B^ r) > nrb) ) > — log (P (iV (n) > 0) ) 



nr nr 

1 



-log(E a Z^[rb,oo)) 



> -«*(&) -e. 

Now, consider a process started from a type v. Because m is primitive, there 
is an s such that m n has all entries strictly positive for every n > s. Then, 
for a suitable T, there is a positive probability of a descendant in generation 
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s + r' of type a and to the right of T for each of r' = 0, 1, 2, . . . , r — 1. Let p 
be the minimum of these probabilities. For b > a, all sufficiently large n and 
r' = 0,l,2,...,r- 1 

P„ ^(. nr+s+r,) > (nr + s + r')a) > P v ^" r+s+r,) >nrb + T 

> P F a (B { J ir) > nrb) . 

Therefore 

lim inf - log (P„ (B™ >na)) > lim inf — log (VJB^ r) > nrb)) 
n n n nr 

> -K*(b)-e. 

This holds for any e > and b > a, so, since k* is continuous from the right, 
except at U, 

lim inf - log (P„ (M n) > na)) > mm{-K*(a), 0} 

n n 

except possibly for a = U. The upper bound in Proposition |0| completes the 
proof. □ 



The final result complementing the upper bounds in Proposition |5.3| con- 
cerns the numbers to the right of na and shows these mimic the expected numbers 
when the latter grow. The qualifier 'when the latter grow' is reflected in the re- 
sult by replacing k* by ft®. The argument is very similar to that for the previous 
result. The result is (asserted) in [Biggins] [|1997| : §4.1]. It will be convenient to let 



§ be the survival set of the process, even though P^(S) = 1. Although it will not 
matter here, it is perhaps worth noting that, because zjj n \na, oo) is monotone in 
a, the null set in (|5.26| ) can be taken independent of a. 



Proposition 5.6. Under the conditions of Proposition \5.Q and the additional 
assumption that the process is supercritical, 



n 

for a 7^ r(/t*) and 



log [Zi n \na, oo) 
lim ^ = -k*(o) on S a.s. P u (5.26) 



n 



-> IYk*) = T(k°) on S a.s. P„. 
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Proof. Proposition |5.3| implies that ( 5.26| ) holds for a > T(k*), with the limit 



being — oo. Hence, only a < need to be considered. Take b > a but with 

K*(b) < 0, which is possible because k® is an r-function, and take e G (0, —K*(b)). 
As in Proposition |5.5| , use Proposition |5.4j , to choose r such that ( |5.25|) holds. 



Start from an initial ancestor of type a, and identify the embedded (one-type) 
Galton- Watson process as in Proposition |5.5| . This now has mean ~E a Zi r \rb, oo) 
and is supercritical, because exp(— r(«*(6)+e)) > I. Let A^ n ) be the number in its 
nth generation. Then, using for example [Asmussen and Hering] [|1983| : Theorems 
II.5.1, II.5.6] to get the limit of n -1 log M n ), 



— log (Zi nr) [nrb, oo)) > — log N {n) 



nr nr 

1 



-log (E a Z^[rb,oo)) 



> -K*(b)-e 

on the survival set of , which has positive probability. Three matters remain: 
starting types different from a; dealing with generations that are not a multiple 
of r; and showing the result holds almost surely on the survival set of the whole 
process and not just some embedded one. The argument for dealing with all 
three is standard, and the idea is not complicated. It is run the process to some 
large generation, allow each type a then present to initiate its own and 
then use any that survives to provide a suitable lower bound. Here is a slightly 
more careful version. 

Fix a. Let {z; : i} be the points of Let N^f be the process 
initiated by the particle at z\ . By arrangement, N^f contains points in the 
(nr + s)th generation to the right of nrb + z\ . Given J 7 ^, these processes are 
independent. Let S(s) be the event that at least one of these processes survives. 
Fix s and r'. For any i, for all large enough n, 

(nr + sr + r')a — zf r+r ^ < nrb 

and so 

Zi nr+sr+r \nr + sr + r')a, oo) > 
for all sufficiently large n. Hence 

lim inf - — r log ( Zi nr+r>) [(nr + r')a, oo)) > -«* (b) - e (5.27) 

n (nr + r J V / 
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on S(sr + r'). Furthermore S(sr + r') C S((s + l)r + r') C S and Pv(S(sr + r')) f 
P^(S) as r f oo. Hence ( 5.27| ) holds almost surely on S for each r' = 0, 1, 2 . . . , r — 



1. Also, it holds for any e > and every b > a. Since k* is continuous from the 
right at a, this provides the lower bound to complement the upper bound in 
Proposition IO. □ 



Corollary 5.7. When K = 1, Theorem holds. 



Proof. For K = 1, the condition ( |2.9|) is equivalent to Lemma [5J] shows 



that has the right properties. Propositions fy| and |5l] give fl2.13|) . □ 



When m is irreducible with period d > 1, m d has <i primitive blocks on 
its diagonal, each with PF + eigenvalue K d . These primitive blocks partition the 
types into d sub-classes. 



Proposition 5.8. // in the conditions of Proposition \5.0\ 'primitive' is replaced 



by 'irreducible with period d > V then all the results in this section continue to 
hold, provided W is replaced by 'nd ? and v and a come from the same sub-class. 

Proof. This just applies the results to the primitive process obtained by only 
inspecting every dt\i generation. □ 

It is possible to say a bit more than this, dealing with v and a in different 
sub-classes, but this is not necessary for development here. 



6 Lower bounds on numbers, main results 

The idea is to show how the numbers in the penultimate class contribute to 
numbers in the final class. The first result shows two things, that the numbers in 
the penultimate class determine the numbers of those first in their line of descent 
to be in the final class and that those numbers determine the first in the line of 
descent of any other type in the final class. Then, the second result explores how 
these numbers combine with the growth of numbers within the class. After these 
are stated two preliminary lemmas are proved about <£[r, K*] before embarking on 
the main proofs. Recall that is the point process of those in generation n of 
type a that are first in their line of descent with this type. 
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Proposition 6.1. Consider a sequential process. Let v G Ck-i and r G Ck be 
types for which m v<r > and let u G C\. If there is an an r-function r such that 
for all a < T(r) 

liminf — log (Z^lna, oo)) > —r(a) a.s.-F v 
n 

then 

liminf - log (F r (n) [na, oo)) > -r (a) a.s.-P„ (6.28) 

n n 



for all a j^T(r). If there is an r-function such that (\6. 2§) holds for all a <T(r) 

then ^ 

liminf — log (F^lna, oo)) > — r(a) a.s.-P^, 
n n 

for all a ^ T(r) and o G Ck- 

Theorem 6.2. Consider any process with final class Ck having PF^ eigenvalue 
k and initial type v ^ Ck- Suppose that for the r-function r and any a G Ck, 

liminf — log (F^lna, oo)) > — r(a) a.s.-F u 
n 

for all a < T(r). Then 

liminf -log (Z^[na,oo)) > -£[r, k*]° (a) a.s.-F u , 

n n 

for alla< T(C[r, «*]). 

Lemma 6.3. When k is convex^ and r is an r-function, then £[r, is also an 
r-function provided $R[r*, k](4>) < oo for some <fi > 0. 



Proof. By Lemma |4.1| , K* is proper, convex and increasing. Clearly s = <t[r, K*} 
is convex. It is increasing, because both r and k* are, and negative somewhere, 
because r is. Since <£[g, k*] is continuous from the left (by definition) the same 
must be true of s. Finally, using both parts of Lemma |3.1| , s* = 9QT[r*, k] and if 
this is finite Lemma [4.1|(i)| gives s > — oo. □ 

Note that the convex minorant of two proper convex functions can be 
identically minus infinity — a possibility excluded by the final condition in the 
Lemma. 
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Lemma 6.4. Under the same conditions as Lemma \67^ , for a < T(€[r, k*]), 

C[r,K*](o) = inf{Ar(6) + (1 - A)k*(c) : (A, b, c) G A a , r(b) < 0}. 
where A a = {(A, b, c) : A G [0, 1], A6 + (1 - A)c = a, Ar(6) + (1 - A)«*(c) < 0}. 

Proof. Let c[/, g] be the convex minorant of / and g, so that <£[/, g>] is the closure 
of c[/, g]. Since £[r, «*] is increasing and convex it is continuous and strictly nega- 
tive on (— oo, r((£[r, re*])) and so on that set C[r, re*](a) = c[r, n*](a). Furthermore, 
using |Rockafcllar| ||197C : Theorem 5.6], 



c[r, k*](o) = inf{Ar(6) + (1 - A)re*(c) : A G [0, 1], A6 + (1 — A)c = a}, 

which equals inf{Ar(6) + (1 - A)re*(c) : (A, 6,c) G A a } when c[r, «*](a) < 0. 
It remains to show that only b with r(b) < need be considered. The only 
possibility excluded is b = T(r), since r is infinity when strictly positive. The 
corresponding values can be approximated arbitrarily well by taking b f T(r) 
keeping c fixed and adjusting A, except when A = 1. To deal with the A = 1 case, 
where a = b = T(r), note first that if K*(a) = oo for all a > T(r) then, because 
r(a) = oo for all a > T(r) also, the same will be true of the convex minorant of 
r and k*. Then T(r) = r((£[r, «*]), contradicting a = T(r) < r(C[r, k*]). Hence, 
there must be a c > a with k*(c) < oo. Then 

(l-e)r (^)+ e .*(c) 

provide the approximation as e | 0. □ 



Proof of Proposition \6.J\ . For some T there is a probability p > that a particle 
of type v has a child of type r to the right of T, because m VtT > 0. Then, 
given oo) is bounded below by a Binomial variable, Y n , on 

oo) trials with success probability p. Take b G (a, T(r)) with r(b) < 0. 



Then, by Lemma [4.6| , for e > and then large enough n 

log (F^ n+1 \nb - T, oo)) > log(F n ) > log ( P Z^[nb, oo)) 

Hence 

liminf - log (F^ n+1) [nb — T, oo)) > -r(6) 
n 

and so 

liminf — log F^ n \na, oo) > — r(6) t —r(a) 
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as b |. a, giving the result for a < T(r). Finally, r(a) = 00 for a > T(r), so the 
result holds in these cases too. 

Turning to the second assertion, find a sequence of distinct types r = 
cr(0) 7^ er(l) 7^, . . ., 7^ cr(c) = a such that each type can have children of the type 
following it in the sequence. For some T, there is a probability p > that a 
particle of type r has a descendant c generations later to the right of T and of 
type a. Let F^ n+C ^ be the point process of all those in i^ n+c - ) with ancestors of 
type r in generation n. Then, given J^ n \ F^ n+C,) [nb — T, 00) is bounded below by 
a Binomial variable, Y n , on Fr n \nb, 00) trials with success probability p. Then 



lim inf — log F^ n \na, 00) > — r(a) 
n 



when r(a) < 0. Clearly F^\x, 00) > F^[x, 00), giving the result. □ 



Proof of Theorem \6. 4 Let d be the period of Ck- Take b <Y{r) with r(6) < 0, 
c < r(«*) with «*(c) < 0, e > and A G [0, 1]. For each positive integer t, let 
n = n(t) and n = n(t) be chosen to be increasing in t with t = n + hd and with 
n/t —7- A as n — > 00. Let iV t = [nb, 00). Then, provided — > 00, 

lim inf - log N t = lim inf - log (F^ [nb, 00)) 
= A lim inf — log (i^ n) [nb, 00)) 

n n 

> -Ar(6). 

Given J 7 ^), Z^ } [n6 + nrfc, 00) is bounded below by iV 4 independent copies (under 
Per) of Z^[ndc, 00). Propositions ^]6| and [5]8] imply that most of these copies 
should have size near exp(— ndn*{c)). Let Y t be the number that are not too far 
below their expectation, that is the number with 

log [Zf d) [ndc, 00)) > hd{-K*{c) - e). 

Then Y t is a Binomial variable with N t trials and success probability p t , where 

p t = P CT (log [Zf d \ndc, 00)) > nd{-K*(c) - e)) 



Propositions |5.6| and |5.8| imply that p t — )■ 1 provided fi(t) — >• 00. Now 



log (Z®[nb + ndc, 00)) > \ogY t + nd(-K*(c) - e) 
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and, using Lemma fO| Y t /N t — » 1 almost surely provided ^2 t (l/N t ) < oo. Let 
T(J) = max{t : n(t) = j}. For suitable small 5 and then all sufficiently large n 

\ogN t = log (F^ n) [nb, oo)) > n(-r(b) - 5) > 0. 

Then, 

*?N t - ^ exp(j(-r(6) - 5)) 

and this is finite provided T does not grow exponentially quickly, for which it 
suffices that for some 7 > f nit) 1 > t. Putting this together, provided n(t) — > 00 
and n(t) 7 > t, which can both be arranged, 

limM- log (Z®[nb + ndc, oo)) > A(-r(6)) + (1 - A)(-k*(c) - e). (6.29) 
Note too that 

nb + ndc fn, nd \ 

-b H c -)> A6 + (1 - A)c 



so that ( p. 29 ) implies, using continuity of r at b and at c, 

liminf- log (4 t) (t[A6+(l-A)c), 00)) > - (Ar(6) + (1 - A)«*(c)) . (6.30) 

Consider instead the case where ft*(c) > 0, but still with t = n(t) +n(t)d. 
Let p t = F a (Bf d) > hdc^j. Now, given Z®[nb + hdc, 00) is bounded below 

by a Binomial variable, Y t , on Nt = Fa n \nb, 00) trials with success probability p t . 
Much as previously, provided n(t) — > 00, h(t) — > 00 and n{t)/t — > A, as t — > 00, 
Propositions [5]5] and [5]8] give 



liminf - (log + logpt) > - (Ar(6) + (1 - A)/c*(c)) . 
Therefore, using Lemma [4.6| , when Xr(b) + (1 — X)k*(c) < 0, 

lim inf - log {Z'f 1 [nb + ndc, 00)) > lim inf — log Y t 

> - (Ar(6) + (1 - A)k*(c)) 

and so, using continuity of r at 6, Q3.30Q holds in this case too. 

Hence (|6.30|) holds for any A G [0,1], any b such that r(b) < and any c 
with Ar(6) + (1 — A)/t*(c) < 0. Fix a. Maximise the right of ( |6.30| ), using Lemma 
Q| , over (A, b, c) G A a with r(b) < to get 

liminf -log {Zf [ta, 00)) > €[r,K*](a), 
and then use that Za [ta, 00) is integer-valued to replace €[r, k*] by <£[r, k*]°. □ 
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Proof of Theorem \2. 4 The result holds for K — 1, by Corollary [5]7|. Suppose 
the result holds for K — 1. By Lemmas L4 and |6.3| , has the right properties. 
Then, by Proposition (TT and then Theorem |6.2| , ( [2.10 ) holds. □ 



7 Properties of p and the recursion 



The main objective of this section is to prove Proposition |3.2| giving properties 



of p and to establish Proposition [T3] giving the alternative recursion for 7v Let 

; b =(rr = ((/*)Tand 

^(f) = M{9:f\9)<J(9)}, 

which is infinite when this set is empty. The following lemma, which motivates 
studying f^ to get the properties of f\ will be proved later in the section. 

Lemma 7.1. Let f be convex^ with f(0) > and let ip = inf $(/). Then f\9) = 
f\6) for 9 > f, f\f) = f(±)> f(±) = f\±) and d (?) = # (/) . 

The first result proved shows that / b is a candidate for f \ in that it has 
the right properties. The formula in the first part makes it possible to give a full 
description of f^, showing, roughly, it agrees with / up to a certain point and is 
linear with slope r(/*) thereafter. This is done in the second result. 

Lemma 7.2. Let f be convex 1 with /(0) > and T = T(f*). 
(i) f\6) = su Pa < r {0cL-r(a)}. 

(H) f b <f an d f b (0)/9 is decreasing as 9 increases, so f b < f^. 
(m) When 9' > 9, f\9') < f\0) + {& - 9)Y . 

Proof. Since f*(a) > for a > T and these are swept to infinity in /*, applying 
the definitions gives |TJ. Now 

f\9) = sup {9a - /* (a)} < sup {9a - f*(a)} = J{9) < f{9) 

a<T a 

using Lemma [3.1| for the second equality. Also, 

f\0) f /*(<■) 



e S?1 a » 

and f*(a) < for these a, so this decreases as 9 increases. This proves |(ii)| . 

Maximising 9' a — /*(a) = 9a — /*(a) + (9' — 9)a over a < T completes the 

proof □ 
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Lemma 7.3. Let f be convex^ with f(0) > 0, T = T(f*), and = $ b (f). 

(i) Ifdf*(T) = or f*(T) < then f = J and ■& = oo. 

(ii) Ifdf*(T) then for any G df*(T) 



f\0) 



f(0) o < 

9T-f*(T) 9> 



(in) f\9) = f(9) if and only if9<$. 
Proof. Assume df*(T) = 0. Then f*(a) = oo for a > T, using [Rockafellar| ||1970 



Theorem 23.4]. Also, if /*(r) < 0, then, since /* is continuous when finite, 
/*(a) = oo for a > T. Hence, in both cases, 

f\9) = sup{9a - /* (a)} = su V {9a - /*(a)} = J (6), 

and so $ b (f) = inf{# : f\9) < J (6)} = oo. This give[IJ. Now assume df*(T) ^ 0. 
For any G df*(T), Lemma [L3| (with h = f* and g = /*) gives [[nj because 
(/*)* = 7- 

Turning to the final part, the only case that needs to be considered is 
when df*(T) ^ and /*(r) = 0, since the other cases have f b = f. Then 
gives > supcjf*(r), but Lemma fO| [nj] gives G df*(T) whenever 

7(0) = f\(f)) =<j)T- /*(r). Hence ^(f) = sup<9f (H and f\9) < f(9) for all 

e >#(/). □ 



Proof of Lemma \7. 1 . Note first that f\ip) = f{ip)- By Lemma |7.2j(ii)| , > f 



Fb 



and using Lemma [Hf f\ip) = f(ip) < f(ip) = f\ip). We need to show that 
/* and f agree on (V>,oo). Let ■& = #(/) and T = T(f*). When $(/) = {^} 
the result holds. Hence we may suppose $(/) has a non-empty interior. Then 
f > f^ > f b = f = f on (ip, i?). Thus the result holds when $ = oo, and so we can 
assume •& < oo, and hence, by Lemma [7.3|(i)| , that /*(r) = 0. Then f b {9) = f{9) 
for 9 G (■0,1?) and / (0) = r# for 9 G [i?, oo). Suppose that for some > ip, 
f\<t>) > f\4>)- Hence, > and f\(j>) > T0. Then 

/M > r = M = M = limmfM > M f 
contradicting that f\9)/9 is decreasing and continuous at 0. 
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It remains to prove i? (/) = •& (/). Lemma |7.3|(iii)| gives 

tf b (/) = inf{fl : f(9) < J(6)} = sup{# : f(9) = J(6)} 

and the relationship between and / b already established means this equals 
sup{9 : f\9) = f(9)} which is (/). □ 



Proof of Proposition 3Jk. This uses Lemmas 7T and When cjf*(r) = or 
/*(r) < the characterisation of p follows from Lemma 7j3[IJ. In the remain- 
ing cases $ (/) < oo and the characterisation follows from Lemma [7.3|(ii)| . The 
assertion about V follows from this characterisation. □ 

The following Lemma will be important in later sections and the one after 
it records various facts needed to prove the alternative recursion in Proposition 



3.3. 



Lemma 7.4. Let f be convex^ with f(0) > ; and If a e Of (9) then 

9 <d if and only if f*(a) < 0. 



Proof. When a' G df(9), Lemma |4.2j gives 

7(9) = 6a' - f*(a') = sup {6a - f*(a)} > sup {9a - f*(a)} = f(9). 



There is strict inequality here exactly when 9 > &(f) and exactly when f*(a') > 
0. □ 

Lemma 7.5. Suppose f and k are convex 1 . 

(i) /« = (/*)' = (fif and J* =(!')*■ 

(ii) = $+(/). 

(m; 2K[/*,«Y = aji[/",K l <|. 



Proof. The first part follow easily from Lemmas |3.1| and [Fj] because / = (/*)* 
and the second from Lemmas [7J] and |7.2|(iii)[ For the final one, just note that 
yjl[f \ inherits all the right properties from p and k\ □ 



Proof of Proposition |ff. 3j . By definition, given in Theorem |2.3| , /* = k* — r%. 
Also, by ( p.9|) , Ki is convex"'" and so fx is too, and by Lemma [7.5|(ii)| $(f\) = 
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<3> + (ki). Hence the result is true for % = 1. Suppose the result is true for i — 1. 
By Lemmas |3.1| (ii) and 7. 5(1] 



(fb* = n = mix, = (mli, *f )° = «a° = eh-i, <]° = r, 

as required. By definition, 

= = n $(«<) d oo) n $(«,) 

which is non-empty, since it contains 0j by (|2.9| ). Thus /j if convex"'" and ^/j 1 ) 
contains [^j, oo). Furthermore, f\_ x and «j are closed, so /j is too. Since $(/i) 
is non-empty $ + (/i) = &(fli) H $ + (/tj), and then the induction hypothesis 
and Lemma |7.5|(ii)| confirm the formula for §{ff)- Finally, by Lemma |4.1| (i), 

-oo < = /; = n . □ 



8 Upper bounds on numbers 



Here, Theorem [3.4| will be proved. The first lemma presses the argument deployed 
at the start of the proof of Proposition |5l^ a little further. It notes that ( |8.31| ) 



implies the apparently stronger (|8.33|) . The minor distinction between p and 
f b (— (/*)*)) exposed in Lemma [731 , matters in this result. 



Lemma 8.1. Suppose that for a convex^ f and point processes 

pin) 

limsup^log (^J e 9x P {n \dx)^j < f(9) a.s. W9 (8.31) 



then 



and 



limsup-log(P (n Va,oo)) < -/» a.s. Va (8.32) 

n Tl 

limsup^log (je 6x P^{dx)\ < f\9) a.s.W. (8.33) 
Proof. For 9 > 0, 

6na + log P (n) [na, oo) < log J e 9x P {n \dx) 

and so using (|3.31| ), minimising over 9, and using that P^ nS) [na, oo) is eventually 
zero when it decays gives ( |8.32[ ). 



33 



The assertions ( |S.31D and ( |8.33| ) are the same when •& (/) = oo . Hence we 
may assume $ (/) < oo. For large enough n, P ( - n ^[n(T(f*) + e), oo) = 0. Then, 
for 9 > ip, 



Jx 



s. 



so that flS.31|) gives 

limsup i log ^ e fe P (n) (dx)^ < /(^) + (0 - V) r (/*) a. 

Take ip = 9 when 9 < d (/) and when = inf $(/). Otherwise, take %p = d (/) — e 
and then let e 4 0. (If / is lower semi-continuous at $ (/) taking ip = $ (f) will 
do.) Proposition [3.2| confirms that the right hand side is then f\ □ 



Lemma 8.2. In a sequential process with v £ Ck-i and r £ Ck such that m V)T > 
0, suppose that for all v £ C\ and 9 

limsup - log ^ e fe Z^(rfx)^ < /(0) a.s.-P^, 

where f is convex* . Let g{9) = f\9) for 9 £ &k-i,k and g{9) = oo otherwise. 
Let k be the PF+ eigenvalue of the final block in m, corresponding to Ck- Then, 
for a £ C K , 



limsup i log (j e 9x Z^\dx)^j < 3%*, k]*(0) 



a.s.-P„. 



Proof. Taking conditional expectations, recalling that F^ is information up to 
and including generation n, 



E 



e 9x F( n+1 \dz 



e ex Z^\dx)m v ^ T {9) 



and so, using Lemma 8.1 and the definition of g, 



lim sup — log E 



n 



.Ox 



F^ +1 \dx) 



-pin) 



< g(9) a.s.-P„. 



Then conditional Borel-Cantelli (e.g. |Chen| ||1978|| ) gives that 

limsup ^log^y e ex F^ n \dx)^j < g(6) a.s.-P„ 



and a further application of Lemma 8.1 gives that 



limsup i log (^J e ex Fl n \dx)^ < g\&) a.s.-P„. 
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Let Q^ n > contain all information on reproduction up lines of descent to 



the first in either Ck or generation n. These are optional lines — Jagcre [ 1989 ]. 
In this sequential process the first in any line of descent with a type in Ck is 
necessarily of type r. For any a G Ck and 9, 



E 



e ex Z^\d. 



x 



?(n) 



n „ 

J2 / e 9x F^(dx) (m(9r~ r ) Ta . 

r=0 J 



Hence, using Lemma 4.5 



lim sup — log E 

n 



e ex Z^\dx) 



<97t^,/c](0) a.s.-P„. 



Conditional Borel-Cantelli and Lemma |S.1| complete the proof. 
Proof of Theorem !TJ. By Lemma Kl it is enough to show that 
lim sup - log ^ e 6x Zf\dx) S \j < g K {9) a.s.-P„. 



□ 



This bound holds when X = 1, by Proposition |5.2| . Assume the result holds for 
K — 1. Then it holds also for i^, by Lemma jO] with / = g^-i and k = kk- □ 



Proof of Proposition ^T^. If is finite, 0x G $(%) and there is a 4>k-i,k < 

0x such that + Xk)(4>k-i,k) < oo, which implies that <Pk-i,k G 

and that there is a < 4>k-x,k with gK-x{4>K-x) finite. Hence, by induction 
on K, gK{4>) finite for some positive (f) implies that (|3.17[ ) holds. 

Now suppose (|3.17|) holds. All the assertions hold for g 1 = k 1 . Suppose 
they hold for gK-i- Then 

,K 3 4>K-l,K- 

Since this is nonempty, 

§{g K ) = $(WI[(9k-i + Xk-i)\ k K \) = § + {9k-i) H n 
and is continuous there, because g K -\ is by assumption and Kk is by Lemma 



4~4] . Furthermore <&(<7a:) ^> [4>k-i,k, oo)fl$(fi;x) 9 0x and so is non empty. Then, 
using Lemma [7. 5|(ii)| , 

<%5c) = ® + (gi<) = ® + (gi<-i) n $+_ 1>K n $ + M d oo), 

and g^ is continuous there. Substituting for gives the formula for 

& + {9k) and completes the induction. □ 
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9 Matching the lower and upper bounds 



In this section Theorems |2.4j and p.8| will be proved. These are cases where the 



upper bound on numbers match the lower bound based on Theorem |273 



Proof of Proposition 3/7 (and Theorem W^) . The result holds for K = 1; assume 
it holds for K = i - 1. Let x* = - log 7(0 G $i_i, 4 ). Note first that (f^ + Xif > 
f\_ x forces Qi > fi. By Proposition |1| (gig) is equivalent to n $(«<) C 

$, ; _ M = and when this holds Mlf^+Xi, «i] = Then, 

& = ^[(/jli+xi)^ «<] < Jmt/ili+xi, «*] = mli, «i] = /»• 

Hence $ = /, and so ^ = /jl □ 

Clearly, the proof just given relies on a simple estimation of (/'_i+Xi) • 
For more refined results it will be necessary to examine this function further. 

Lemma 9.1. Suppose f and k are convex^ with /(0) > 0. Suppose C is a 
convex set, and let x(#) = —log 1(0 G C), ip = inf C and vp = supC. Let 
Xi(0) = - log 1(9 G C+) and X 2{0) = -log 1(9 G (-00,$)). 

^ If^(f^) flC^0 and /' continuous from the right at ijj then 

J[ S 9(f\^)/^) 9>^ • 



(wj I/j m addition to the conditions in \[T) 



§ (f) < -0 or «(0) > 9(f\ip)/<ip) for 9 G [V>, oo), (9.34) 

W+x)^«] = an[/ II +xi,«]- 

(Hi) If, in addition to the conditions in [70, $(/'') fl $(/«) C oo) then 



m[(fh x y^] = n(f+x2f^}, 

except possibly at if> and when they differ there the left hand side is infinite, 
(iv) When the conditions in both \(ii\ and \( Hi) hold %R[(f^+x) > K ] = %R[f\ K ] 



except possibly at ip and when they differ there the left hand side is infinite. 
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Proof. The form of (f^+x) i n [0] follows from Proposition |3.2| . Assume ( |9.34j ) 



holds. By Proposition |3.2| , when d (f) < if) < oo and p is continuous from the 
right at ip, T(f*) = f\ip)/ip, and so (f^+x) = on C + , and this also holds when 
if) = oo. Otherwise, (f^+x) is dominated by k in [^,00) and equals on C. 
Hence in both cases ffl[(f k +x)\ «] = + Xi, «], proving gHJ By [£J (/^+x) h 
and (/^+x 2 )^ agree for > ^, and {fi+Xzf = for 9 < lp. Since $(97t[/ h , «]) = 
$(/'') D <&(«), £Dt[(/ l| +x) , K ] and ^[/^ «] agree (and are both infinite) on (-00,^) 
and by [nj they agree on (if), if)). They also agree at if) when if) £ C and when it 



is not (/M-x) is infinite there. This proves |(iii)|. The final part is an application 



ofonutoz+xi. □ 



Proof of Theorem \3. 5. Note first that, by Lemma [7.51(11)1, 3> + (<7if_i) = $(g 



The result is true for K — 1. Assume the result is true for K — 1. When 
( |3.17|) holds, Proposition |3~5l implies that <&(g K -i) is finite at V'jf-i and so equals 



fx-i an d is continuous from the right there. Also, by the induction hypothesis 
®(yk-i) c ^ifx-i) ( an d equals it unless f K -\ is finite and g K -\ infinite at 
inf $(/^_ 1 ) = M^(f K _ x )). Hence ( gig) and (gl9|) with z = AT - 1 mean 
Lemma p.l|(iv)| applies. Together with the induction hypothesis this gives gx = 
%R[fx-v k k] = fx except possibly at i' K _ 1 and inf $(/^_ 1 ), where they can only 
differ with gx being infinite. Furthermore (f>x G ^(fl^-i) H # ^ ^K^-Rr) and 
so fx(4>x) < gx(4>x) < 00. Since both functions are proper and convex, and fx 
is closed, they can only differ by g^ being greater, and infinite, at the end points 
of &(fx)- Hence g K = f K except possibly at inf &{f K )- Then these two functions 
have the same F-dual, that is g' K — f K . □ 



10 Formulae for the speed 



The main objective here is to establish Propositions [3.9|, which mainly gives an 
alternative formula the speed T(g K ), but a few other remarks are also included 
about computing the speed. This alternative formula for the speed plays a critical 



role in the proof of Proposition |3.10| , which gives conditions for T(g K ) = T(f K ). 

There are several alternative formulae for r(/*) from the irreducible case 
that apply more widely to any convex''" / with /(0) > 0. One is contained in 



( |3.15| ) in Proposition \S.'2[ Another is that T = inf {a : f*(a) > 0}, which holds 



because /* is convex and increasing. Furthermore, by convexity T is the unique 
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solution to /*(r) = 0, provided only that there is a u with < f*(u) < oo. 

When / is differentiable throughout $(/) and there is a 9 such that Of (9) — 
f(9) = then r(/*) = f'{9) — this is straightforward calculus when 9 is in the 
interior of $(/«), and all cases are covered by [Rockafellar| ||1970| : Theorem 23.5(b)]. 



Then r(/*) can be found by solving f(9) = 9f'(9) for 9. This is certainly relevant 
in the irreducible case, since Lemma |4.4](iii)| gives that / = k is differentiable, 
but need not be once there is more than one class. 

Lemma 10.1. Suppose that f and k are convex^ with /(0) > ; that x 

lop, I {0 G C) for a convex C, that g = ^0l[(f + x)\ K ] ana " that this g is fi- 
nite somewhere (so ®(f) flCfl <&(«) ^ $). Let if) = supC. For < 9 £ C + , 
g(9) = oo. For < 9 e C + ; 

«f = inf {ma, {M, ^ } : < , < 9, , < ^} , (10.35) 



where the condition (f> <ip can be omitted when ( ]9. 34 ) holds and f is continuous 
from the right at if). 

Proof. By definition f\9)/9 is decreasing as 9 increases for any convex /. Hence, 
for 9 > 0, 

= M | M |tg±^W,gg) >;0<< < < , 

= inf {max |^,^| : < <#> < 0, 6 c| . (10.36) 

Proposition [37| relates J 11 and /: f%9)/9 and f{9)/9 agree and are decreasing 
up to $ (/); when d (/) < oo, the former is constant and the latter is larger for 
9 > d (/); and, either the two agree at 9 = $ (/) or the latter is larger. Hence, 

^ = inf{max{M ^} : < < ,<^GC 



This is ( |10.35|) when if) e (7 '. When it is not, the limit of f(<p)/<p as </? ^ is no 



greater than f(if>)/if> and so replacing <£><</>GC by in the formula will 

not change the output. 
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Lemma p.l|(ii)| shows that if ( |9.34| ) holds and p is continuous from the 
right at ip then the restriction to G C in ( |10.36 ) can be replaced by G C + . 
Then, as above, / can replace if this restriction is dropped too: that is, 

9(0) 



inf <^max 
inf < max 



f f\<t>) <°) 

fm k{0) 

l <t> ' 9 



< < 9, (f) G C 



< 6 < 



for 6 G 



□ 



Proof of Proposition |ff. ^ . The result is true for K — 1. Assume it is true for 
K — l. Let = ... , ^_!), fc(0) = max : i < AT - 1} and let A^ 

be such that 



9k-i{4>) 



inf{/i(0) : G A^} 



By the previous Lemma, for < 6 G $ 



Now 



9k(9) 



max 



inf < max 



9k~i{4>) k>k(0) 







gK-x{4>) kk(9) 



: < < fl, < ip K _ 1 
kk(9) 



max <^ inf {h(0) : G A } , 



' J i-v-/ ^> ^ 

and reordering the maximum and infimum on the right makes no difference. This 



gives gx in the required form. Then the formula for T(gx) is, by Proposition \T2 
obtained by minimising also over 6. 



□ 



Proof of Proposition \3. 1 (\ . Proposition [T5] gives that gi is continuous at if> i . Then 
the proof that the conditions 6i < V>* can be dropped in (|3.20| ) is by induction 
on % using the last part of Lemma 10.1. When •& > ip . for % = 1, . . . , K — 2 



the extra possibilities included by discarding the conditions 6*, G , for i 



2, . . . , K — 1 in (|3.20|) are larger than those included and so make no difference 
to the infimum. (Here 6k G $ K _ 1 K cannot be excluded, since the infimum is not 
over 6k-) The argument simplifying (|3.21 ) is the same. □ 



11 Simplifying the formula for the speed 



In this section Theorem |2l| showing that it is enough to consider the speed of 
each pair of classes, will be proved. This was certainly a case where it was much 
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easier to 'see' that the result ought to hold than it was to provide the proof. 

Lemma 11.1. Assume f and k are convex^, /(0) > and g = VJtlf^, k] is finite 
somewhere. Then the following hold, 
(i) ${k) <-&{g). 

(it) g{9) = g\9) = Tt[f\ K%9) for9<§ (g). 



Proof. Let <p = inf {9 : re(0) > Ti[f\ ri\(6)}. Observe that 

m[f\ K] = g> g ^ = m\f\ K f > m\f\ «V = m\ «1 



where the final equality is from Lemma |7.5|(iii)| . There is equality throughout 
here when 9 < $ (k), since then k\9) = n(6), and also when 9 < (p. This implies 
that < $(g), proving [Ij, and that (p < $(g). Note too, for later in the 

proof, that $ (k) < because ^ and k agree for 9 < d («). It remains to show 
that d (g) < ip. It is certainly true that i? (g) < <p when ip = oo. Also if k{9) = oo 
for all 9 > ip then 

' m\f\K\e) 9<p 

oo 9 > p 



9(0) 



but, by Proposition |3]2|, g^ is finite for 9 > p and so (g) < <p. 

In the remaining case p < oo, k is finite on (p, (p + e) for some e > 0, and 
there are 9^ I p taken from this interval with g(9j) = n(6i). Also g and k agree 
with their closures on (ip, ip + e). By Lemma [4.3| , g*(a) = K*(a) for a G dn(9i) - 
dn(9i) is non-empty by Lemma L2 [T] because k is finite in a neighbourhood of 
0j (or alternatively by Lemma |4.4|(iii)|) . Since $ («) < </?, Lemma |7.4| implies that 
K*(a) > 0. Hence g*(a) > and a further use of Lemma gives $ (g) < ip. □ 



Lemma 11.2. Suppose f and k are convex^ , /(0) > and g = 9Jl{f \ re]. Let $ = 
(#) and T = T(g*). IfT = max{r(/*), T(k*)} then = SERf/ 11 , k\ Otherwise, 
i? < oo, 

r Y9 9>d 
m[f\d\{9) 9<d 

and (9Jt[f\ kF\(9) — 9T) is strictly positive when 9 < $ and strictly negative when 
9>$. 



g\o) 



Proof. Lemma gT^H]] gives g\9) = g(9) = Tl[f\K^(6) for 9 < &. Assume that 
T = max{r(/*), r(/€*)} and that d < oo. Then Proposition |3.2| implies that 
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g \0) = 6T for 9 > Similarly, k\9) = 9T{k*) for 9 > $ («). If V = T(k*), and 
agree for 9 > $ and then, from Lemma |ll.l|(ii) , = $Jl[f\ k?\ everywhere. If 



instead, Y = T(f*) > T(k% then, for 9 > tf, 

f\9) > 9T(f*) - r(r(D) = g \9) - r (r(/*)) > ^) 

and so, again, = 93T[/^, everywhere. 

Assume now that T > max{r(/*), r(/«*)}. Take a such that 

max{T(f*),T(K*)} <a<T. 

Using Lemma |0|(ii) and the definition of T(-), Wl[f\ /cf (a) = £[/", re"] (a) = oo 
and g*(a) < 0. Hence g and 97l[/\ differ somewhere and so Lemma 11.1(H) 



implies that < oo. Then, by Proposition 3.2 , g{9) > g\9) = T9 for 9 > $ 



Hence ^has the form asserted. Since g{9) > Y9 for all 9, g(9) = Wl[f\ k\{9) > T9 
for 9 < t? and 9T = g\9) > m[f\n)(9) for 9 > It remains to show these 
inequalities are strict except possibly at 9 = 

bmce m[f\ k^{9)/9 is decreasing it can only equal T on an interval that, 
if non-empty, includes (It is possible, since / and n have not been assumed 
to be closed, that this function has a discontinuity at d.) If the interval has a 
non-empty interior then, by convexity of %R[f\ k\ Wl[f\ k}](9) > T9 for all 9, 
contradicting that Wl[f\ k*\{9)/9 ->• max{r(/*), r(re*)} < T as 9 oo. □ 



Lemma 11.3. As in Lemma let f and k be convex^ , f(0) > and g 



£DI[/",k]. Let # = #(</) and V = T(g*). Assume T > max{r(/*), r(re*)}. Then 
g (6) = «(0) > f\Q) on (0,oo). 

(i) If $(re) = {0} i/ien § = <p, re($) < f\d) = g(fi) < oo and g is infinite 
elsewhere. 

(ii) If $(re) noi a single point then, for some e > 0, g{9) = f\9) > k(9) on 
($ — e, Furthermore, if f\9) is finite for some 9 < i? i/ien ^(i?) = 

Proof. That (7 agrees with re and strictly exceeds /'' on 00) follows from Lemma 
|11.2| and the definition of 5. 

If $ = inf $(re) < sup $ (re) then ~g and re agree everywhere, giving V = 
T(k*), which has been ruled out. Hence either $(re) = {$} and re($) < f\$), 
giving (i), or inf<I>(re) < d < sup$(re). Assume the latter, so that there is an 
e > such that re is finite, and continuous, on ($ — e, 1?) and re^ is finite and 
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continuous on — e, oo). The result holds if infinite on (—00,$). Hence by 
adjusting e, we can assume is also finite on — e, 00). Then both k and g are 
continuous on (■$ — e, 00) and so agree with their closures there. 

Say $ (k) = Then, using the continuity of k\ /c(t?) = T(k*){} < Tfi < 
g($). Hence k\9) < f%9) = g{9) when 9 = $ and, by continuity and finiteness of 
and convexity of p this must also hold on (d — e, d) after, if necessary, taking 
e smaller. This proves (ii) in this case. 

Say now that $ (k) < which by Lemma |ll.lK i) is the only other 
possibility, and adjust e so that $ (k) < $ — e. Suppose also that there is a 
ip G (1? — e, i?) C (ft) , with ft(/0) = <?C0)- Take a e d^ip), which is non 
empty. Then, using Lemma |7.4j , /t*(a) > because if) > d (k), but g > k and so 
Lemma |4.3| gives K*(a) = g*(a). However, %p < -d implies g*(a) < 0. Hence there 
is no such ip and so g = p > k on (■# — e, □ 

It is worth pointing out that d (g) itself cannot necessarily be found from 
and k. 

Lemma 11.4. As in Proposition \3.% let f\ = Ki and fi = 3Jt[/]!_i, owrf 



assume ( \2.Q) holds. Suppose too that r(/^) > max{r(/^ r _ 1 ), r(/€^)}. T/ien 

= 9Jt[max/« 

Proo/. For i = 1,2,... If, let 

(?i = 9Jt[max Kj, kk] 

j>i 

so that gx = k>k- It is always true that f\ > so that 

> a«[a«[/i-i,«S,*fi] = a«I/i_i,ft] 

Now suppose that 

= anL/J,^ + i] s (11.37) 

which is true, by definition, for % = K — 1. Induction will be used that this holds 
also for 2 = 1, which is the required result. 



Assume ( |11.37| ) holds for i and consider /?. By Lemmas |11.2| and p. 1.3 



there are two possibilities. One is that f\ = «]•] everywhere, in which 



case, 



/* = max {/J.!, = anL/ti,^], (11.38) 
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giving ( 11.37 ) for i — 1. Otherwise, ■& (/$) < oo and 

f = J r ^) for ^ > ^ (/,) 

Mj \ 9Jt[/i_ 1 ,«a(fl) a** <*(/*). 

Thus (|TTT38D holds for * < Also, T(f*) < r(/| r _ 1 ) < r(/£), which implies 
that f K (T(f*)) < 0. Hence, for all 6 1 , 9T(f*) < and so, in particular, when 

0>0(/<) 

f K (e) = Wl[flg i+1 ](9) = msx{T(f*)9,g i+1 (9)} 

= 9i+i(d) 

> T(f:)9 = fX9)>m[fl 1 ,n)](e). 

Hence, ( |11.38| ) also holds when 9 > d This shows that ( |11.38| ) always holds 
when ( |11.37| ) holds, which completes the inductive step. □ 

Lemma 11.5. In a sequential process satisfying \2. 9Q , let be given by the 
recursion described in Theorem \2.3j (or Proposition \3.3j) . Then 



T(r K ) = max {r(C[«° «*])} = max \ r(0Jt[4 «,•] 

i<j J i<j I 

Proof. Take fi as in Proposition |37|, so that rj = /* = (ff) . Let T = T(r K ) (= 
r(/| r )) and i? = d(f K ). Note first that r(«£) < T(€[kI,k* k }). Therefore, in the 
case where T = max{r(rx-i), T(k* k )} it would be enough to establish the result 
for r(rx-i). Consequently, we can assume that F > max{r(rx-i), T(n* K )}. 

By Lemma [11 .4j , fx must equal max.,- /d when it is not equal to K^. Lemma 
TT71 gives d < oo. If maxj«y($) > Kk^) take J to be an index giving the 
maximum here. If maXjKy($) < but = oo on (—00,1?) for some 

j then take J to be that index. Otherwise, by Lemma |11.3| , there is an e > 
such that Kj is continuous on (1? — e, 00) for every j. Let X be the j < K — 1 
with = fx{^) — and then let h = max{/^- : j El}. By reducing 

e if necessary, Lemma |11.3| (ii) shows that fx = h > kk on (i? — e, 1?). Let 
7j = inf and take J to be an index giving min{ 7 j : j E X}. Take e' > 0. 

Then, for some 5 > 0, for 9 E (1? — S, 1?) and i El, 

k){9) < «$(*) + ( 7j - 0(e - 0) (= + ( 7i - e ')(0 - *)) 

for otherwise, by convexity, ( 7j - — e') G 9^(1?). Then, taking the max of this over 
j ET with 5 as the minimum of those needed gives 

M0) = M0)<rtf + ( 7 j-e')(0-tf) 
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for G (0 - 5, But we already know, from /_*(r) < 0, that T9 < f K (6) 
everywhere. Hence 

(77-0(0-0) <r(0-0) 0g (0-6,0) 

and so 7j < T. Therefore, for < 0, 

4(0) > T0 + 7j(0 -0) > T0 

and so «k](0) > 0r with equality at (Note that, in this case, fx > 

£DT[kj, Kjf], but they need not be equal.) Then, in all cases 

as required. □ 



Proof of Theorem \2.b\ Applying Lemma |11.5| to every sequential process gives 
the first formula. Fix % Let h\ = K{ and h 2 = 0JI[k\, Kj]. Then r((t[K*, Kj*]) = 
F(h*) and r(/^2) falls into the framework of Proposition |3.9|. This gives the second 



formula. □ 



12 Further lower bounds 



Theorem |3.11| improves on the lower bound in Theorem |2.3| in some cases, and 
matches the upper bound already obtained. It is not too hard to obtain with the 
machinery already established. Recall that f = (/*)* = ((/*)°)* and that this is 
closely related to f \ as described in Lemma fTl| . 



Lemma 12.1. In a sequential process, let v G Ck-i, t G Ck, ip and ip as in 
Theorem \3.11\ and suppose that for v G C\, and convex^ f 



lim^log(^ n) [na,oo)) = -/* 



'a) a.s.-Pw 



for a j£ r(/*). Let X i(d) = - log I (6 G C+) and x 2 (0) = - log 7(0 G {-oo,ig). 
Then 

liminf - log (F T (n W oo)) > -g'(a) a.s.-F u 

n 

for all a < T(g*), where 

(i) g = fh when neither ($.22j nor (WJW holds, 
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(ii) g = ft + X2 when ( \3.23j ) holds, 
(Hi) g = ft + Xi when \3. 23j ) holds, and 
(iv) g = ft+ xi + Xi when both hold. 

Proof. Case (i) is covered by Proposition |6.1| . Case (iv) is considered in detail, 
the other two are similar. Assume ft{6) < oo for some 6 (fc C + and that if) < oo, 
otherwise this is equivalent to cases (ii) or (hi). Then 

g*(a) = sup{6a - f\a)} = sup{6a - f\a)}. 

eec eec 

Let 

7 = inf{V :^edf\9), 6 6 C} 
and let 7 be the supremum over the same set, which are both finite. Calculations 



like those in Lemma 4.3, show that 



9 W 



fa - f\i>) a 6 (-00,7] 

ft (a) _ a 6(7, 7) 
ipa - f\ijj) a 6 [7, 00) 



The number to the right of nc in generation n exceeds N n — Zy ^ \na 1 00) 
independent copies of Z T [n(c — a), 00) under P v . Let the expectation of the latter 
be e n . Here a < c, since n(c — a) must go to infinity, but otherwise a may be 
chosen freely. When ft (a) < 0, Lemma [4.6| and (|3.22|) give 



lim inf - log E[Z| n) [nc, 00) | J 7 ^ 1 )] > lim inf - (log N n + log e n ) 

n n n n 

> -(/•( a )+^(c-a)) 

and so, maximising over the available a, 

liminf-logEfZ^^coo)!^- 1 )] > sup {fa - ft{a))} - fc. 



n n 



/•(a)<0,a<c 



Since /* is closed and increasing, {/'(a) < 0, a < c} may be replaced by {/*(c) < 
0, a < c}. Then using Lemma [4 . 3| 



U m infilogE[*(»V,oo)|^»-i>] > (^t':* T'-" 
n n —/ (c) for c < 7 
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when this is strictly positive. Similarly, but with a > c, so that n(c — a) goes to 
minus infinity, 

lim inf - log E[Zi n) [nc, oo) | J**" 1 )] > fim inf - (log N n + log e n ) 

n n n n 

> -(f°( a )+±(c-a)) 
provided the latter is strictly positive. Then, maximising over a > c, 

liminfilogEl^Koo)^"-')] > ( f C £ ^ , 

n n I —/ (c) for c > 7 

again, provided the latter is strictly positive. 

Combining these 

liminf-logE[Z( n) [nc,oo)|J r(n - 1) ] > -g*(c) 

n n 

when this is strictly positive. Then conditional Borel-Cantelli, and continuity of 
g® complete the proof. □ 



Proof of Theorem \3.11\ . First apply Lemma |9J] to determine which of the four 
possibilities in Lemma |12.1| is relevant. Now use Lemma |12.1| to show 



liminf - log (F r (n W oo)) > -gx-iia) &.s.-F u , 
n 



and then use Theorem 6.2 to complete the proof 



□ 



13 Examples 

The examples illustrate some of the behaviours that the theory encounters, and 
the notation 'in practice'. Some assertions are made without giving the detail 
that is strictly necessary to substantiate them. Obviously, other distributions can 
also be used to make explicit calculations. 



One type: Gaussian 

Each parent produces, on average, e a children and they are displaced indepen- 
dently from their parent's position by a Normal (Gaussian) with mean \i and 
variance a 2 , so that 

m{9) = exp(a) exp(/i# + a 2 6 2 /2). 
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Then 



k(0) 



a + /i9 + a 2 9 2 /2 9 >0 

oo e < o 



and, by calculus, 

K*(a) = 



—a 



-a + - 



1 / a — ji 



Then, when a > 0, r(/c*) = ji + cr\/2a =: T, 



-a 



re'(a) = < 



1 / a — a 
-ot + - 1 



oo 



a < fi = —k'(0) 
a > /x 



a < fi 
a G [//, r] 
a > r 



and 

a + /i^ + a 2 ^ 2 /2 # G 0,V2a/a . 
cx) < 

Hence a generic 'Gaussian' k* with T = and n(0) > has the form 

-5b 2 a < -b 



K*(a) = 



5a(2b + a) a > -b 



with b > and «(0) = 56 2 > 0. This corresponds to b = — /i, 5 = l/(2a 2 ) and 
a = /i 2 /(2a 2 ) = <56 2 . Furthermore 

9>2b5 
K \Q) = { (6- 2b5f/{A5) 6 G [0, 2b5] 
oo 9 < 



and (k) = sup{# : re(0) = «^)} = 265. 



One type: degenerate 

Consider m(0) = e a+ ^ , with a < and // > 0. Thus each parent produces on 
average e a children and all children are displaced by \x from the parent. Then 



k (a) 
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and re® = re* when a > and re® = oo when a < 0. In the a > case, re' = re, 
so that i? (re) = oo. If instead there are e a > 1 children at /x > and at zero 
then m(0) = e a+ ^ + and 



a + fi9 + log(l + e^- a -^) > 
oo < 



which has re*(/x) = —a and re* (a) = oo for a > /x. Hence = re and $ (re) = oo 
yet re^ has no linear portion. 



One type: non-steep. 

Despite the differentiability of re, noted in Lemma |4.4| , examples where both re(0) 
and re'(0) are finite fail to be essentially smooth in the terminology of [Rockafellar| 
1970| : §26] and so their F-duals are not strictly convex everywhere ( [Rockafellar 



1970| : Theorem 26.3]). The examples already considered all show this, with the 
F-dual being linear (and constant) for large negative a. Having the derivative 
going to infinity as the boundary is approached is often called being steep. Hence 
the name given to the examples that follow. These provide some instructive 
counter-examples when more types are considered. Of course there are many 
other non-steep examples. 

These examples point out that re can jump to infinity at both end-points 
of the set where it is finite, with a finite one-sided derivative. Then, the F-dual 
will have a linear portion for large a. Take w > and < ip < For each 
positive integer r, each parent produces on average e a e~^ mr /r 3 children at wr 
andpe^ r /r 3 at — r. Then 



00 a p {e-4>)mr , n M-9)r 



e a e y-<P)^r + pe 



r=\ 



which is finite only for 9 G [i[>,<f)] when p > and for (— oo, (J)} when p = 0. When 
p > and <p = if), m is finite only at <fi; then re* (a) = logm(0) + 0a and so is 
always linear. Consider the p = case and let R2 = r~ 2 and R3 = Yl r ~ 3 - 
Then re'(</>) = WR2/R3 and re* is linear for a bigger than this. More precisely, 

re* (a) = a + log -R3 + (pa for a > wRijRz- 
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Two types: Gaussian spread 



Now suppose that there are two types and that 

m{9) = 



771! (0) h{9) 
m 2 (6) 



and both mi and m 2 have k* in the generic Gaussian form with T = 0, with 
parameters (5i,£>i) and (8 2 , b 2 ). Recall that r 2 = £[k®,k 2 ]°, that f 2 = WI[k\,k 2 ] 
and that / 2 = r 2 . The slope of «* at zero is 2#i&i and that of fi^ is 25 2 b 2 . Hence, 
when <Ji6i > 5 2 b 2 , r 2 (e) = «2|](e) < and so r (£[«?, «£]) > e for some e > 0. 
Then, since the curves are quadratics, straightforward calculation can give the 
explicit form of <£[«", k 2 ] and hence of the associated speed. Note that as S 2 J, 0, 
/^(o) I for any a > 0, and so by taking 5 2 small enough, T(r 2 ) can be made 
arbitrarily large. 

Furthermore, still assuming Sibi > 5 2 b 2 , i?(/ 2 ) = #^H[/4,K 2 ] 

when 

(9 - 28 1 b 1 f/{A8 1 ) = {9- 25 2 b 2 ) 2 /(A5 2 ) 
since that is where k 2 crosses k\. Solving this, 

$ = $(f 2 )=2 6 -l hVri + 6lblVr2 



occurs 



which satisfies 2b 2 S 2 < "d < 2b\5\, as it should. Then 

( K 2 (9) = (9-2b 2 5 2 ) 2 /(A5 2 ) 9>d 
Tl[K\,K 2 }(9) = f 2 (9) = l K 1 {9) = {9-2b 1 5 1 f/{A5 1 ) 9 G [0, 1?] 

[ oc 9 < 

and 

r( v /2W (g - 2^ 2 & 2 ) 2 /(4^ 2 ) 
r(r2) " — " • 

Turning to h, let ip and ip be its lower and upper limit of convergence, 
as in Theorem |3.8| . Then (|3.19|) holds if ip < 0, that is, provided /i(e) < 00 
for all positive e. Turning to (|3.18|) , it is easy to check the first part of this 
holds provided 2bi5i < ip and the second part holds when $ < ip, which, in this 
example, is always weaker. The main point is that, although mi and m 2 are both 
finite for all 9, it is enough for h to be finite on (0, If its range of convergence is 
smaller than this then Theorem |3.11| comes into play. When only speed matters, 
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rather than numbers, then Proposition |3.iO| applies to show that r(g 2 ) — r(/|) 
provided if) < i? (/C2) = 2(5 2 &2 and 1? < ■0, and so the speed is unaffected by the 
exact convergence interval of h. 

One further point is that, when < ip < ip < 00 and h is finite only on 



the open interval (ip,ip) then g 2 in Theorem |L4] agrees with /2 on (-0,oo), but 
/2C0) < <7zC0) = 00 • This provides a 'natural' cases where #2 is not a closed, 
though it is convex, for 00 = g\(i}S) 7^ ^(VO — fify)- ^ is to deal with such cases 
that / is not assumed closed in Proposition |3^. 



Two types: Gaussian and degenerate 

The main point of these examples is to show that convex functions that are linear 
on a range of values arise 'naturally'. 

Let mi be Gaussian with T = and parameters (5,b). Let m 2 be degen- 
erate with 7712(6) = e a+ ^ , with a < and \i > 0. Thus type twos are subcritical. 
As noted already, ft 2 (a) = —a for a < \i. Nonetheless, when (/i, —a) lies to the 
right of the tangent to k\ at 0, that is when 25b\i < —a, the speed of type twos 
exceed that of type ones. This time 

( a + fiO 6>$ 

f2(o) = l (e-2bsy/(A5) 0e[o,0] . 
[00 e < 

Thus /2 is linear on a semi- infinite interval. Solving = k 2 (#) gives 

= 25b - 2 (v^V + 5(a + 26b fi) - 5iij 
and then the associated speed is (// + a/i?). This does exceed zero since 

/i+ ^- /i+ 256 > ^ = °- 

Suppose instead that < a, so the type twos are supercritical, but \x still 
exceeds zero. Furthermore, when a < 5b 2 , the formula above for f 2 and i3 remain 
valid. In this case there is no super-speed phenomenon, the speed of the twos is 
fi. However, 

{«J(a) a < 

#(a — ju) — a a e [^(i?),//] 
00 a> jj, 
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Note that this has a linear portion, derived from k 2 , with slope $ running up to 
a = fx. Furthermore, since k 2 = k\, 



and so i? (f 2 ) = oo. Finally, reverse the order, so that type ones are degenerate 
(a > 0, 11 > 0) and type twos Gaussian (r = 0) to give an example where f 2 
is linear on a finite interval (agreeing with K\ = k\) and quadratic elsewhere 
(agreeing with k 2 ). 

Two types: Gaussian or degenerate and non-steep 

Type one are Gaussian with T = 0. Type twos are of the non-steep kind described, 
with p — 0. Then k 2 increases on [0,0] and k 2 (4>) = a + logi? 3 . Also V(k* 2 ) < 
k 2 (4>)/4> = (a + log R 3 ) /(f). Choose b\ and 5± with < 2b 1 S 1 and with 



This arranges that k\ is strictly larger than k 2 whenever the latter is finite and 

so 



and, furthermore, f 2 {4>) = f2(<f>) > K>2(<t>)- Obviously, T(r 2 ) = «i(0)/0, which 
exceeds both K 2 ((f>)/<j> > F(k 2 ) and r(/c*) = 0. 

Suppose type one are degenerate instead of Gaussian so that k(9) — a+Li0 
for 8 > 0. Then, in a similar way, it is possible to arrange a and ii so that f 2 is 
linear (and agrees with K\) on [0,0] and is infinite elsewhere. 
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